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This elementary text-book on Ordinary Differential 
Equations, is an attempt to present as much of the 
subject as is necessary for the beginner in Differential 
Equations, or, perhaps, for the student of Technology 
who will not make a specialty of pure Mathematics. 
On account of the elementary character of the book, 
only the simpler portions of the subject have been 
touched upon at all ; and much care has been taken 
to make all the developments as clear as possible— 
every important step being illustrated by easy examples. 
In one material respect, this book differs from the 
older text-hooks upon the subject in the English 
language: namely, in the methods employed. Ever 
since the discovery of the Infinitesimal Calculus, the 
integration of differential equations has been one of the 
weightiest problems that have attracted the attention of 
mathematicians. It is not possible to develop a method 
of integration for all differential equations; but it was 
found possible to give theories of integration for certain 
classes of these equations ; for instance, for the homo- 
geneous or for the linear, differential equation of the 
first order. Also, important theories for the linear differ- 
ential equations of the second or higher orders, have 
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been developed. But all these special theories of in- 
tegration were regarded by the older mathematicians as 
diffhrnt theories based upon separate mathematical 
methods. 

Since the year 1870, Lie has shown that it is possible 
to subordinate all of these older theories of integration 
to a general method : that is, he showed that the older 
methods were applicable only to such differential equations 
as admit of known infinitesimal transformations. In this 
way it became possible to derive all of the older theories 
from a common source : and at the same time, to develop 
a wider point of view for the general theory of differ- 
ential equations. 

Only a very small part of Lie's extensive and im- 
portant developments upon these subjects oould, however, 
be presented in a test-book intended for beginners. The 
memoirs published by Lie on differential equations are 
to be found in the " Verhandlungen der Gesellsehaft 
der Wissenschaften zu Christiania," 1870-74; in the 
Matkematische Annalen, Vol. II., 24 and 25; and in 
his Vorlesungm uber Differentialgleichungen mil Bc- 
lannten Infinitesimalm- Transformational, edited by Dr. 
G. Scheffera, Teubner, 1891. Besides these sources of 
information, the writer had the advantage of bearing, 
in 1886-87, at the aame time with Dr. Scheffers, Prof. 
Lie's first lectures upon these subjects at the University 
of Leipzig. 

All the methods, depending upon the theory of trans- 
formation groups, employed in Chapters III.-V., and 
IX.-XII. of this book, are due exclusively to Prof. Lie. 

Lie has also developed elegant theories of integration 
for Clairaut's and Kiccati's equations, as well as for t 
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general linear equation with constant coefficients ; but, 
as an exposition of these theories requires a more ex- 
tensive preparation than it was considered advisable to 
give in a purely elementary text-book, the author deter- 
mined to follow, in the treatment of the above-mentioned 
equations, the older methods — hoping to present Lie's 
methods for these equations, as well as some of his 
more far-reaching theories, in a second volume. 

In the preparation of this book the author has made 
free use of the examples in the current English text- 
books: and he is under special obligations to the works 
of Boole, Forsyth, Johnson, and Osborne. The treatment 
of Eiecati's equation, Chapter VII., is substantially that 
given by Boole. 

The arrangement of the matter will be found suffic- 
iently indicated by the table of contents ; and an index 
is given at the end of the book. 

The articles in the text printed in small type may 
be omitted by the reader who is going over the subject 
for the first time. 

JAMES MORRIS PAGE. 






Johns Hopkins University, 

Baltimore, U.S.A., 

July, 1896. 
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THE GENESIS OP THE ORDINARY DIFFERENTIAL 
EQUATION IN TWO VARIABLES. GEOMETRICAL 
INTERPRETATION. 

1. In the first section of this Chapter, we shall 
explain what is meant by an ordinary differential 
equation in two variables, and show how to derive a 
differential equation from its complete primitive. 

In the second section, we shall show how ordinary 
differential equations in two variables may be interpreted 
'eometrically. 



Primitive. Order and 

Differential Equab 



2. An equation of the form 



of an Ordinary 



<•>(*. </)-o (1) 

is ordinarily used to express in algebraic language the 
fact that one of the two variables x and y is a function of 
the other. If this equation also contains an arbitrary 
constant c, its presence is indicated by writing the equa- 
tion in the form 

.(x,y.o) = a (!•) 



By differentiating (1'), we obtain 



..(2) 



IS 
wh 
; 



and the constant c may have been removed by the pro- 
cess of differentiation. If, however, (2) still contains c, 
it may he eliminated hy means of (1'); so that we find, 
either immediately after the differentiation, or after the 

elimination, an equation involving x, y, and -,— , of 
general form 

»(**2H » 

If we make use, as we Bhall often do, of the customary 
abbreviations, 

, dv „ d 2 y ,„, d n y 

■it = ' ■)/ = — ^ oA n t = — - - 

9 da' * ~dx*' ■■'• y 'Ox*' 
the last equation may be written 

!•(*, ».</') =°; (3) 

and (3) is called an ordinary differential equation of 
the first order in two variables. 

3. If the equation (1) contains two independent arbi- 
trary constants, so that it may he written in the form 

„(x,y,c,d) = (1") 

(c, d, consts.) ; 
two successive differentiations of (1") will give 
equation containing y", from which, by means of (1") 
and the equation obtained from (1") by a first differenti- 
ation, both arbitrary constants, c, d, if they are still 
present, may be eliminated. We obtain thus an equation 
of the general form 

F(x,y,y',y") = Q, (4) 

which is called an ordinary dlfftirtiitial equation of the 
secimd iirder-.m- two variables. 
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4. The equations (1') and {1") from which the differ- 
intial equations (3) and (4) are obtained, are called the 

complete primitives of (3) and (4), respectively. It is 
clear that if (1) contained three independent arbitrary 
constants it would give rise to a differential equation 
of the third order; and, in general, we see that the 
order of a differential equation, which is defined as 
that of the highest derivative in the equation, is 
the same as the number of independent arbitrary 
constants in the complete primitive. Thus, if the com- 
plete primitive contains n independent arbitrary con- 
stants, it will give rise to a differential equation of the 
?i. th order. 

The degree of a differential equation is the same as 
the degree of the derivative of the highest order in J 
the equation, after the equation has been put into a I 
rational form, and cleared of fractions. Thus the 
equation 

is of the second order, and of the second degree. 

From what has been said, it is seen that to find the 
differential equation of the -)i th order corresponding to 
a primitive containing n arbitrary constants, it is 
necessary to differentiate the primitive n times succes- 
sively, and eliminate, between the n + 1 equations thus 
obtained, the n arbitrary constants. 

The resulting equation will be the required differential 
equation of the «'" order. 

5. The inverse process — usually involving one or more 
integrations — of finding from a differential equation its 
complete primitive, is called solving, or integrating, the 
differential equation, and the arbitrary const ants, which 
were formerly made to vanish by differentiation and 
elimination, now reappear as constants of integration. 
When the equation thus obtained contains exactly n 
independent arbitrary constants, it is called the general 
integral, or the complete primitive, of the differential 
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equation of the n th order. Thus, if 

n^y.v' 2/ (n, )=o (5) 

be a differential equation of the n th order, its general 
integral will be an equation of the form 



• 



ia{x, y, c 1? ..., c„) = 0, 



..(6) 






where the C 1? ..., c„ are independent .arbitrary constants. 
It may be noted that (6) is usually referred to as the 
general integral of (5), when (6) is considered as having 
been derived from (5) ; if, however, (5) is considered 
as having been derived from (6), (6) is referred to as 
the complete -primitive of (5). 

It is evident from the method of deriving from a 
complete primitive its corresponding differential equation 
that the general integral cannot contain more than n 
independent arbitrary constants ; for the general integral 
would then, being treated as a complete primitive, give 
rise to a differential equation of an order higher than 
the n th . 

6. If a special numerical value is assigned to each 
of the arbitrary constants, respectively, of a known 
general integral of a given differential equation, the 
resulting equation is called a particular integral of 
the given differential equation. Thus the particular in- 
tegral is free from all arbitrary constants of integration. 
For example, if the general integral haB the form 



then the equations 



-33:-7 = 0, etc., 

tegrals of the given differential 




will be particular 
equation. 

7. We shall now apply to two simple examples the 
method of finding the differential equation corresponding 
to a given complete primitive. 
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Example 1. It is required to find the differential equatio 
the first order corresponding to the complete primitive 



lc = 0, .. 






where e is an arbitrary constant. 
By differentiation, we obtain, 

si c = d ^-- 

Hence, from the first equation, 

d t = t 

This is the differential equation required. If we consider (8) as 
given, and (7) as having been derived from it — by methods to be 
explained later — (7) is called the general integral of (8). By 
assigning to c in (7) different numerical wilua-;. dillVrent particular 
integral) are obtained. 

i of 



...(8) 



3? + 2ax+y' i + 2bi/ = 0. (a, 6, consta.) 

differentiations, we obtain the equations 
x+a+ytf+by 1 ^, 
l+y' 2 +yy" + by" = 0. 

one, we find, 

(j?+y*)y"-2xy' s +2yy' i -2xy'+2y=0. 

8. It has been shown that to pass from a complete 
primitive to the corresponding differential equation 
involves merely the processes of differentiation and 
elimination ; but since the steps of an elimination 
cannot be retraced, it is a matter of much greater i 
difficulty — if possible at all— to pass from the differen- 
tial equation to the corresponding complete primitive, 
or general integral. It will be our object to show how, 
in a number of the simplest and most important cases, 
we may, from a given differential equation, deduce its 
general integral. 
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..(2) 






SECTION II. 

Geometrical Interpretation of Ordinary Differential 
Equations in Two Variables. 

9. If the ordinary differential equation of the first 
order in x and y, 

F(x,y,y') = (1) 

be written in the solved form, 

V ~X(,x,y) 

where X and Y are supposed to be one- valued functions, 
it is clear that to any pair of values ascribed to x and 
y, a fixed value of y' will correspond. 

If we consider x and y to be the rectangular 
coordinates of a point in the plane, y' will represent 
the numerical value of the tangent of the angle made 
with the ;c-axis by the straight line connecting the 
point (x, y) with the origin of coordinates. Now 
suppose the point (x, y) to move a short distance in 
the direction given by y'\ in the new position of the 
point, y' will generally have a new value. Suppose 
the point to move a short distance in the direction 
now given by y' ; in this third position of (x, y) there 
will be in general a third value ascribed to y'; the 
point (x, y) can now be supposed to move a short 
distance in this last direction — and so on. By this 
means a figure will be traced of which the limit will 
be a curve of some kind, when the distances through 
which the point (x, y) is moved are indefinitely 
diminished. At every point on this curve the equation 

'-J < 2 > 

is satisfied ; that is, if 

•(«,»)-<> (3) 

he the equation to this curve, the equation a> — must 



iy 

>n 

" 

3) 

st 
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be a particular integral of equation (2), or of the equi- 
valent equation (1). 

The curve traced by a point moving under the above 
restrictions is therefore called an integral curve of the 
ordinary differential equation (1). If we start from 
any point not on the curve (3), it is evident that by 
proceeding as before we get a new integral curve. We 
might, for instance, take as successive starting points 
the points on the a;-axis — provided that the tt-axis does 
not happen to be itself an integral curve — and it is 
evident that, in all, oo 1 different integral curves would be 
obtained, one passing through every point of ordinary 

Eosition in the plane. These curves must be represented 
y an equation of the general form, 

»(as, V ,e)~Q, (4) 

where c is an arbitrary constant, or parameter, which 
assumes different numerical values according as (4) is 
made to represent the different individual curves of the 
whole system of integral curves belonging to equation 
(1). In other words, (4) is the general integral of (1). 
The differential equation of the first order 




represents a system of od 1 atraiylit lines through the origin. For 
" is the numerical value of the tangent of the angle between the 
tia and the line joining the point (r, y) with the origin ; and 
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as y' gives the direction in which the point {j\ y) is to be moved, 
equation (5) asserts that the point (x, y) always moves on the 
straight line connecting that point with the origin. Since there- 
fore each point of the plane moves on one line of a system of 
straight lines through the origin, equation (5) represents the family 
of oc* straight lines 

?-« (6) 



c being the arbitrary parameter. Thus (6) is the general integral 
of (6) : and the particular integrals are obtained by assigning to c 
different numerical values. 

10. Since the complete primitive, or the general 
integral, of a differential equation of the second order 
must contain two independent arbitrary constants, or 
parameters, it is clear that this general integral, or, as 
we may say, the differential equation of the second order 
itself, represents geometrically a doubly infinite system 
of curves in the plane. 

Similarly, a differential equation of the third order 
represents a triply infinite system of curves, etc. 

Example. The ordinary ililFereutial equation of the second order 

f-o TO 

asserts that the curvature of the path along which the point (x, y) 
is to be moved is everywhere zero. Hence the point (.v, y) must 
always describe a straight line, that is, the doubly infinite system 
" curves which satisfy the above differential equation must be the 
:,n,ii::]it lines of the plane 

!,-*u-*-Q (8) 

may at once be verified that (8) is the general integral of (7). 



EXAMPLES. 

Form the difi'eivutial equations of which the following a 
complete primitives, o, 4, c being arbitrary constants. 

(i) ,-«.. 

• (2> sr-i»+«/r+a 
si o+*«i +»>■-<*■■ 






(4) y*-2c# -<? = (). 

(6) y = («p+]og* + l)->. 
C()jp~«r+l-A 

(8) e ! * + 2caie , ' + <s s = 0. 

(9) ^ = 0^ + 6^. 
(10) y=c C os{mx + b). 

(18)y-a*»+t 

(13) y = «<f te + 4e-» I + ce l . 
(U)jF-(a + te + ^)«* + ft 

(15) Form the differential equation 
radii equal to *■ : 

(16) Form the differential equatio 
equal to r. 

(17) Find the differential equation of the family of straight lines 
which touch the circle 

and show that the circle itself also satisfies the differential 
equation. The equation to the tangents is 

ax+by-\=Q 

where the constants a and b must satisfy the condition 

B»+6»-l. 

c sections whose 
linate axes : 

(19) Find the differential equation of all logarithmic spirals around 
the origin : 



of the a; 1 circles having their 
of all circles having their radii 



CHAPTER II. 



SIMULTANEOUS SYSTEMS OF OEDINARY DIFFER- 
ENTIAL EQUATIONS, AND THE EQUIVALENT 
LINEAR PARTIAL DIFFERENTIAL EQUATIONS. 

11. We shall reserve for a later chapter the con- 
sideration of the genesis of an ordinary differential 
equation in three or more variables, when that equation 
is obtained from a single primitive by methods similar 
to those of Chapter I. It will be necessary, however, to 
give in Sees. I. and II. of this chapter a few propositions 
relating to simultaneous systems of ordinary differential 
equations, and the equivalent linear partial differential 
equations, in order to develop in the next chapter as 
much of the Theory of Transformation Groups as we 
shall need. 

The third section of this chapter is intended aa a 
supplement to this chapter and to the preceding one. 
We there indicate, for convenience of reference in 
Chapter III., the method of integrating the simplest 
form of an ordinary differential equation in two variables, 
a problem which really belongs to the Integral Calculus ; 
and we also make a remark upon the integration of 
the simplest form of a simultaneous system in three 
variables. 

A theory of integration for the general simultaneous 
system will not be given until Chapter XII. 
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The Simultaneous System of Ordinary Differential 
Equations. 

12. Suppose two equations of the form 

U(x,y,z) = a, V{x,y,z) = b, (1) 



are given, where V and V are independent functions of 
x, y, z, and a and b are arbitrary constants. By differ- 
entiating (I) we find 



3se 



as resulting equations. 

But from the equatioi 
the form 



■■<*> 



: (2) we find that relations of 



dx 



<I;l 



dz 



p-(3> 



ZU_ dV_d£ -dV ZU-dV_cU::V "cU jV _cU_oV- 
"by ?>z~~dz dy Zz "bx Vx ?>z 3b % ?>y dx 

must hold : and, if we denote the denominators of these 
ratios, which are known functions of x, y, z, by X{x, y, z), 
Y(x, y, z) and Z(x, y, z), respectively, the equations (3) 
may be written 

dx_dy_dz , 

X~ Y~^ W 

Thus the system of equations (1), treated as simultaneous 
complete primitives, gives rise to the so-called simul- 
taneous system of ordinary differential equations of the 
first order, (4). 

13. This result in three variables is entirely analogous 
to that of Art. 2 in two variables. The differential 
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equation derived in that article from one primitive of 
the form U(x, y) = a may, of course, be written in a 
form symmetrical with (4), 



dx 



dy 

Tgyy 



14. It is obvious that the results of Art. 12 may be 
extended to n variables. 
If 



Pi to, Z# 






x n) — C-v ■■ 



..(5) 



be a system of n — 1 equations in the n variables 
Xi, ...,Xn, the Pi, ..., P n _i heing independent functions 
of those variables, and the a,\, ..., a n _i being arbitrary 
constants, the system of equations (5), being treated as 
simultaneous complete primitives, will evidently give 
rise to a so-called simultaneous system of ordinary 
differential equations of the first order, which may be 
written in the form 




■■<«> 



dx l _dx s _ _dx„ 

T x ~x~ 2 Xi 

Here the X v ..., X n are known functions of x v ...,x n . 

In the next section we shall see how the simul- 
taneous system in three variables may be interpreted 
geometrically. 

SECTION II. 

Simultaneous Systems and the Equivalent Linear 
Partial Differential Equations. 

15. Equations are of frequent occurrence by means 
of which a relation between the several partial deriva- 
tives of a function of two or more variables is expressed. 
If / be any function of x, y, s, the general form of such 
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an equation, involving only partial derivatives of / of 
the first order, and the variables x, y, z, will be 



F «,! 



-|)- 0; 



' 3as" 3j/' 32/ 

and if / be known, the values of its partial derivatives 
substituted in this equation must satisfy the equation 
identically. 

An equation which expresses a relation between the 
partial derivatives of a function of two or more inde- 
pendent variables — and which may also contain the 
independent variables themselves explicitly — is called a 
parti nl different i til equation; and the function/, whose 
partial derivatives satisfy the equation identically, is 
called the solution of the equation. 

The order and degree of a partial differential equation 
are determined just as are the order and degree of an 
ordinary differential equation. A partial differential 
equation of the first order and degree is said to be linear 
of the first order ; the term linear having reference only 
to the manner in which the partial derivatives of the 
solution / enter the equation. 

Thus the general form of a linear partial differential 
equation of the first order in it variables is 



l ax 1 z cix 2 



+...+x n . 



= o, 



f the 



where the X v ... , X n are certain known functions 
independent variables x v ...,#„. 

We shall hereafter limit ourselves to the consideration 
of such partial differential equations as are linear and of 
the first order ; since this class of equations is, as we 
shall see, intimately connected with ordinary differential 
equations. 

16. The ordinary diUVrwitial equation of the first order 
in two variables may be written in the solved form, 
dx _ dy 



X(x,y) Y(x,y)' 



(1) 



and an intimate relationship may be shown to exist 
between (1) and the linear partial differential equation 
in two variables, 



For, if w(x, y) = 
differentiation, 



i the integral of (1), we find by 



..(3) 



. fy 



Now eliminating -j- between (3) and (1), we find aa 
a necessary consequence of these equations the identity, 



Hx 



-dy 



0. 



That is to say, if the equation oi(x, y)=c is an integral 
of the ordinary differential equation (1), w is also a 
solution of the linear partial dili'ero.titml equation (2). 

Conversely, it may be readily seen that if the function 
w is a solution of the linear partial equation (2), u,=c 
will also be an integral of (1). Thus the equations (1) 
and (2) represent fundamentally the same problem, since 
to find an integral of (1 ) is the same as to find a solution 
of (2), and vice versa. 

17. If the general integral of a given differential 
equation of the first order (1) lias been put into the form 

Q(x, y) = c, (c = const.) 

we shall call the function £i(x, y) the integral-function 
of the given differential equation. 

It is a proposition of the Theory of Functions, which 
we shall here assume without proof, that an integral- 
function of a differential equation of the first order 
always exists, and that all integral -functions of a given 
differential equation of the first order must be functions 
of any one of the integral-functions; that is, that no 
differential equation of the first order, (1), can have two 
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15 






pendent integral -functions. Thus if U and V be 
two integral -function a of a given differential equation 
of the first order, we must be able to express the one 
as a function of the other, say 

£7 = *(F). 
From this it follows that if we know any integral of 
a differential equation of the first order, containing an 
arbitrary constant, we may regard all possible integrals 
of that equation as known.* 

Also, since (1) always has an integral- function, though 
it cannot have two independent integral-functions, the 
linear partial differential equation of the first order (2) 
must always have one .solution, although it cannot have 
two independent solutions. The whole number of solu- 
tions of (2), or of integral -functions of (1), is evidently 
unlimited ; for if ai be a solution of (2), it ia easy to 
see that any function of w, as <£(w), is also a solution 
of (2). 

For, substituting ■£(&>) in place of / in (2), we find 
for that equation 



rfw\ ox ay/ 



=0; 



but as the expression in parenthesis is zero on account of 
u) being a solution of (2), the left-hand member of the 
last equation is zero, that is, $(m) is also a solution 
* (2)- 

Since every solution of (2) is an integral function of 
(1), it also follows from this that the most general 
integral of the ordinary differential equation (1) has 
the form 

$(«) = const., 
where w is any integral -function of (1). 

*The fact tiiat .in (juliiiury (liiiLTiaitinl t^usiti'in always has ;l general 
integral is illu.'t.iatoil l.y I lie t\\n~ uf iiitoyriiUe 1:4 nations, Chapter IV. , 
las well as by the development, Art. 72, of the general integral in a, 
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18. The linear partial differential equation in three 
variables has the form 



X(x, 



''■b^ 



and it is easy to see that the same relation exists 
between (4) and a system of equations of the form 

dx _ dy _ dz 

T~T~~Z' 

that was seen to exist between (1) and (2). 

It is shown in the Theory of Functions that there 
are always two, and only two independent functions of 
the form U(x, y, z), V(x, y, z), which, when written 
equal to two arbitrary constants a, b, respectively, 

U(x,y,z)=a, V(x,y,z) = b, (6) 

will give, when these equations are differentiated as in 
Art. 12, values for the ratios dx, dy, dz, which satisfy 
the simultaneous system (5). When the equations (6) 
are derived from (5) — by methods to be explained later — 
they are called the integrals of (5). 
By differentiation, we find from (6) 



o t») 

on exists 
)rm 

(5) 

hat there 
actions of 
a written 

star, 









=0, 



/ 



and these equations, by means of (5) may be written. 



But the last two equations show that the functions U 
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and F, which in accordance with Art. 17 we shall call 
the integral-functions of (5), must be solutions of the 
linear partial differential equation (4). It is thus obvious 
that any integral -function of (5) must be a solution of 
(4), and vice versa. Hence we see that (4) cannot 
have more than two independent solutions ; that is, that 
every solution of (4) must be capable of being expressed 
as a function of any two independent solutions of (4). 

The whole number of solutions is, however, unlimited ; 
for if U and V are solutions, it is easily seen that any 
function of U and V, as <!>( If, V) is also a solution of 
(4). For, substituting <& for/ in (4) there results 






m\ A v*^ 



<+4D 



o 



but since U and V are solutions of (4), the expressions in 
the parentheses are zero; that is, the last equation is 
identically satisfied, or 3>( U, V) is a solution. 

Since the solutions of (4) arc also integral- functions of 
(5), the most general integral of (5) has the form 

$(0", V) = const., 
where U and V are any two independent integral- 
functions. 

19. The equations of the preceding article, 

U(x,y,z) = a, V(x,y,s) = b, (6) 

represent two families of oo 1 surfaces in space ; these are 
the so-called integral surfaces of the simultaneous system 
(5). Also the Bysteni of equations ((>> may obviously be 
said to represent a family of x B curves in space— the 
curves of intersection of the two families of surfaces — 
each particular curve being obtained by assigning a pair 
of special numerical values to the arbitrary constants a 
and b. One of these curves evidently passes through 
every general point in space ; and at every general point 
P, on one of these curves, the equations (5) must be 
satisfied. That is to say, the tangent at the point P 
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to the curve passing through that point must have a 
direction of which the direction cosines are proportional 
to X, Y, Z respectively. 

These cc 2 curves, at every point of which the equations 
(5) are satisfied, are sometimes ik'sipiated as the char- 
acteristics of the linear partial differential equation (4), 
which is equivalent to the simultaneous system (5). 



may suppose the equation 



Example. As a simple example, 
6) to have the forms 

#+y + 2 = a, * s +y + 3 J = l 3 (I)') 

the first equation representing h syslein "f parallel planes, tlie 
second a system of eriueentrii.' spheres :n oiind I In- origin. Thus the 
simultaneous equation.-) (<)') represent the x- circles cut from the 
tc l concentric spheres by the ao 1 parallel planes. 

By the method of Art. I- we liml the simultaneous system to 
which (6') give rise by differentiation in the form, 



dx+dy + dz — 



de 



■ equivalent to the linear partial differential equatio 






and it may lie readily verified that the most general solution of 
this partial rtiUVicnt.ial ft] mil- ion has the form 

$.(x+y + z, xi+f + Z*). 

20. In a manner entirely analogous to that of Art. 18, 
it may be seen that the linear partial differential equation 
of the first order in n variables, 



where the X v ..., X n are certain functions of x v 



..(7) 
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represents the same problem as does the simultaneous 
system of ordinary differential equations 

dx,_dx s _ _.dXn /o\ 

Xl'X* X^ W 

Also it follows from considerations similar to those of 
Arts. 17 and 18, that (7) cannot have more than n — 1 
independent solutions. If these are of the form 

Ui{xi, ...,«»}, UzifCi, ...,x n ), ..., Er w _i(<Bt, — ,£*>)> 

the P's being put equal to arbitrary constants, 
Pj-cj, ..., !/■„., = <!„.!, 

will give the integrals of (8). Moreover the most 

Ceral solution of (7), or the most general integral 
etion of (8), has the form 

&(U V U v .... P"„-i). 



SECTION III. 

Integration of Ordinary l)ij}'t:rrrdi,<d Equations in Two 
Variables, in which the Variables can be separated 
by Inspection ; and of a Special Form of a Simul- 
taneous System in Three Variables. 

21. Although we are not yet ready to present any 
general theory of integration of ordinary differential 
equations, it will be necessary for us to call attention 
here to the fact that when the variables can be separated 
by inspection in an ordinary differential equation of the 
first order in two variables, so that the equation may 
be written 

dx _ dy 



*rw 



..(i) 



its complete integration, which is virtually a problem 
of the Integral Calculus, may be immediately accom- 
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plished. The general integral will have the form 

\m-lm = °° mt (2) 

and (2) is considered the general integral of (1), whether 
the functions in equation (2) can be expressed in a 
form free from the sign of integration, or not. 

Of course the differential equations in which the 
variables may he separated by inspection constitute only 
a very small class of all ordinary differential equations 
of the first order in two variables ; but we shall see that 
the integration of these, the simplest possible differential 
equations of the first order, will, in a future chapter, 
furnish us with the means of integrating whole classes 
of very complicated equations. 

Example 1. The ordinary equation in two variables 

(l+x)ifdx-+(l-!f)xdy=0 

may be written -dx-i ±dy=0. 

The general integral will therefore have the form 

f -dx + I— ^dy = coast, 

J * J V * ' 

which is seen to be log(^y) + .i'-y = conat. 

The given ordinary differential equation i: 
to the linear partial differential equation 

and it may at once be verified that if 




or any function of this function, be put in plac 
linear partial differential equation, that equation w 
identically. 

Example 2. Given the equation 
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Here the variables a 



il ready separate, and the general integral is, 
Hin _, a'+8iii" 1 y=fl. (<*=const.) 

arbitrary constant is itself an arbitrary c 



But a function 

stant : hence, tiikintv tin' sine of both members of the last equation, 

and replacing sin a by c, we see that the general integral may be 

written 

Wl -y*+y\'l -a*=e. (*m const.) 

It may be rmidily verified that any function of the integral function 

is a solution of the linear partial differential equation 

22. Similarly, if a given simultaneous system in three 
variables has the very special form 

dx _ dy _ ds 
its integrals may also at once be written in tile forms 



f dx f dy 



const. 



f dy tde 



-const. 



Knntiph. The simultaneous system 
dx dy _ dz 



evidently has for its integrals 

log x— logy = const, logy — log! = const. ; 
or, as they may be written, 

-=a, V-=b. (a, b const.) 

It may at once be verified that any function <!>(-, -J is a solution 



of the linear partial differentia! equatic 
simultaneous a v stem, 



equivalent to the above 
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the given 



23. It may, finally, he noticed that 
simultaneous system has the particular form 

dx dy _ dz 

Xfcy)~Yfcy)-Z(x, y, z) ' 

and if the integral of the ordinary differential equation 
in two variables, 

dx _ dy 
M^y~)~Y{x,y)' 

has been found, either by separating the variables, or by 
methods to be explained later, in the form 

U(x, y) = c, (c = const.) 

then the last equation may be used to eliminate either 
of the variables x or y, as may be desired for the 
purpose of integration, from X, Y, or Z. If, for instance, 
we find from the last equation 

the second integral of the given simultaneous system 
may be found by integrating an ordinary differential 
equation in two variables of the form 
dx _ dz 
X(x, <j>)~ Z(x, #,z)' 
where, of course, the value of <j> in terms of x and c 
has been substituted in place of y. 

If the integral of this equation has been found in 
the form 

W(x,z,c)e*b, (& = const) 

we now substitute for c its value U(x, y), finding the 
second integral required in the form 

n*. *.*>=& 

The reader will bear in mind that the above is only 
very special form of simultaneous system in three 



se 
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variables. A general theory of integration of such 
differential equations will he given later ; but it is 
convenient to notice thene simplest forms now, in order 
to make use of them in the next ehapter. 

Example. Given the simultaneous system 
dx _dy _di 



A/0 intei.'1-nl of — ; = — 

b .T 2 Xg 

is found to be -=c. 

Hence, in the equation ~i 

we may put for x, -. Thus we find 

of which the integral is = 6. 

Now put for c its value, -, and we find as the second integral 

.....^ S !_. 



Of course this iv.-ult in i^ lit h;ive been obtained directly from 



without auy intermediate steps. 

It may readily be verified that any function of the form 

•& SO 

is a solution of the linear partial differential equation 
which ia equivalent to the given simulinneoiia syateiu. 
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EXAMPLES. 

Integrate the f.jll.iwiiij; i-nliiiarv ilirTeivntial equations of the first 
order in which the variables may 1j« separated by inspection, (jiving 
in each case the equivalent linear partial differential equation in 
two variables, and verifying that the integral-function of the 
ordinary equation is a solution of the linear partial equati" 

(i) d £= w f*. 

(2) -^-+-^L=o 
W 1+tf 1+y 

(3) (y 2 +OT/ 3 )(fe+(^ s -^)rfy=0. 
... xdx _ ydg 
l *> 1+g 1+x 

(5) Binxcoaya^coa^sin^ay 

(6) (l+f)dx=(y + -JT+f)(l+x l )$d l ,, 

(7) aec%tan^(%-f aec 2 y tan.cd* = 0. 

Give the linear partial differential equations equivalent to the 
following simultaneous systems ; integrate the simultaneous 
systems, nihil show that any function of the integral functions of 
each simultaneous system is a solution of the corresponding linear 






partial equatioi 

dx = dy = dz 



dx _ dy dz 



(10)*-*- * 

In (12) the symbol — ' is used merely to show that the coefiicii 

of J- in the linear partial differential equation equivalent to (12) is 
aero. That partial differential equation is 

and since J- does not occur at all, it is clear that x ia a solution of 

ox ' 

the equation : that is, j; = coust. is one integral of (12). 




CHAPTER III. 

THE FUNDAMENTAL THEOREMS OF LIE'S THEORY 
OF THE GROUP OF ONE PARAMETER. 

24. We propose to develop in the present chapter 
such of the propositions which Lie has established with 
reference to the transformation group of one parameter, 
as we shall need .subsequently in the integration of 
ordinary differential equations. The theory of the 
group of one parameter in two variables is minutely 
explained in order to enable the reader to make use of 
the group as an instrument for investigation. 

For the sake of greater clearness, we shall generally 
limit ourselves to two variables in establishing the 
necessary fundamental propositions ; but the method of 
extending the results to n variables, in such cases as it 
is desirable, will be sufficiently indicated. 



Finite and [nfinitcviaud Transformations in lite Plane. 
The Group of one Parameter. 

25. By a transformation of the points of the plane, we 
understand an operation by means of which every point 
of the plane is conveyed to the position of some point of 
ike same plane. 
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The general form of a transformation of the points of 
the plane is given by the system of equations 

«k~&*,y}, ft-V'tey). (O 

where <j> anil ^ are independent functions of x and y. 
We suppose here that the coordinate axes remain un- 
changed; but every point of general position (x, y) is 
conveyed to a new position of which the coordinates are 
^(ic, y) and ^(x, y). If, now, (1) be solved in the form 

x = ^(x 1 ,y 1 ), V = ^(x 1 ,y 1 ), (8) 

a transformation is obtained which will evidently carry 
the point ${x, y), ^(x, y) back to its original position 
(x, y). The transformation (2) is thus said to be inverse 
to the transformation (1). 

The successive performance of the transformations (2) 
and (1) will evidently give a transformation of the form 

^ = £.2/1 = 2/; 
and the last is called the identical transformation. This 
transformation, therefore, really leaves the position of 
the point (x, y) unchanged. 

26. Suppose that a family of oo 1 transformations is 
given by the equations 

«*=$(*»&«). yi=^,y^)- ( 3 ) 

where a. is a parameter which can assume x l continuous 
values. In general, then, it will not be the case that 
the performance of any two transformations of the 
family (3) successively upon the points of the plane will 
be equivalent to the performance of a third transforma- 
tion of the family (3) upon those points. For instance, 
the equations 

represent a family of transformations which do not 
possess the above peculiarity. For if 

be a second transformation of the family, we find, when 



THE GROUP OF ONE PARAMETER. 



27 



the two trans formations are successively performed 
upon the point (x, y), that this point assumes a position 
given by 

x s = a t -a + x, y„ = y. 
But the trans formation given by the last equations does 
not belong to the original family, of the general form, 

3^ = const.— x, y x = y. 
If, now, x x = tjt(x, y, a), y l = \fr (x, y, a) 

be any given transformation of the family (3), and if 

be a second transformation of that family, then the 
transformation which results from performing these two 

(successively evidently has the form 
y a =V'{#( 3 '. y> a ). V'to y, a )> «il- 

If it happens that the right-hand members of these 
equations have the general forms 

${$(%, y, a), i/r(ic, y, a), a^} = <}>{x, y, \(a, a,)}, 

\},{<p(x,y, a), \^(x,y,a),a l } = \fA{x,y,\(a,a 1 )), 

where X is a constant, or parameter, depending upon u 

and a 1 alone, then the family of co 1 transformations (3) 

are said to form a finite continuoua (/roup. 

Expressed in words, this condition evidently is that 
the result of perfurmhuj successively any two trans- 
formations of the family (3) upon the points of the 
plane must be equivalent to the result of performing a 
third transformation of that f ami ly upon those points. 

We shall add to the above, in the ^roupn. which we shall consider, 
the further condition that to oven transformation with the para- 
meter a, of the family (3), we must be able to assign a certain 
transformation of the family with the parameter a, such that the 
latter transformation shall be the inreric of the former, a being 
a function of a alone. From this further condition follows imme- 
diately that tin.' family (:i) must i-on tain the identify./, transformation. 
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The above can hardly he considered as a new condition, however, 
for it will be seen to be satisfied eo ipso in the groups of which 
we shall make use; and, in fact, this condition is •ihrnys satisfied 
eo ipso in the groups wlnVh arc <>f inqmi'tance in practical investi- 
gations. 

Since the family o£ transformations (3) contains one 
arbitrary parameter, we call it, under the above con- 
ditions, a group of one parameter; or, symbolically, 
aG, 

It is clear that the above definition of a G l is in- 
dependent of the number of variables; that is, if in n 
variables we have x ] continuous operations given which 
satisfy the above conditions, these ce 1 operations are 
said to form a group of one parameter. 

' 1. As an example of a group of one parameter, 
iP ii two variables, we may take the family of x' translations 
along the r-axis given by the equations 

ft-tf+O, y i= y (4) 

(d = parameter.) 

A second transformation of this family is given by equations of the 
form 

■v i = x 1 + a- l , ftmfr 

By eliminating ,r,, y, from these equations, we find 

and these hist equations evidently re] ires el it a transformation of 
the original family (4), namely, the transformation for which the 
parameter has the value (a-f-H,). Hence the family of translations 
(4) form a <?[ : since we see that the effect of performing two of 
the transformations successively is the name as that of performing 
a certain third transformation of the family. Also to the trans- 
formation with the jiarameter n we may always assign one with 
the parameter -a, such that tin' latter is the in ears f of the former : 
hence the G\ contains the identical transformation, which is obviously 
obtained in this case by assigning to the parameter the value a-a, 



Example 2. Ah a second example of a G, we may take the family 
of o; 1 rotations of the points of the plane around a fixed point, 
which we shall assume a* the origin of coordinates. 'Hie well-known 
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lations to these rotations, as given in Analytical Geometry, are 



y t = xain<i+ycosa, 
where it is the angle through which the radii vectors of the points 
of the plane are turned. 








g^y% 






fcKy 








D 






-' 



A second triinsfinTiifit ion of the family (D) i 



By eliminating x : and y lt 
^^cosa-yamo.). 



1**1" 



find 



o>i 



■*<"■ 



«Jl 



aa,-(j.in« 

,<„ + «,)-,.»,<„ + „,). 
(« + %)+yooBtn + a,). 
evidently represent a transformation 



Similarly, y s =-x Bin 

But the last two equation 

of the family (5), namely the transformation for whieh the para- 
meter of the family has the value n + o^. Also the inverse of the 

transformation with the parameter u is evidently the trans formation 
with the parameter -a. We further find the identical trans- 
formation in the family by assigning to the parameter the value 
a — a, or zero. Hence, aecurdio^ to the definition, the family of cc 1 
transformations (5) form a, group of 'one parameter, or a (?,. 

27. Suppose that a 6^ is given by the equations 

®i = <t>(x,y, a), Vi-yffix, y, a); (6) 

we shall show that under the conditions of Art. 26, the 
G l always contains one infinitesimal transformation. 
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For, let o be the value of the parameter for which (6) 
gives the identical trans formation, so that 

35 = 0(3;, y, %), y = ^(x,y,a n ); 
If, now, we assign to the parameter a a value which 
differs from a only by an infinitesimal quantity, say 
a a -\-Sa, the corresponding transformation 

x l = ^>(x, y, a +8a), y^tyix, y, a +Sa) (6') 

will differ only mtiiiitosiuiully from the idc-ntical trans- 
formation ; that is, (6') will be an infinitesimal transfor- 
mation. 

By Taylor's theorem, 



3a 



VSa+- 



3o a 



lT2 T 



»i-iM».y.%)+ 



tyi'j:, y : a^ , 3 V(z, y, fl ) Sa 2 



°- 1 Sa + 



or, from the above value of the identical transformation, 
^(x,y,a,) ay(», y, a,) Sa' , 



'-*ta + 



:-\!rt:<: y,a ) 6a 2 , 



Thus we see that x lt ?/ 1 really differ from x and y by 
infinitesimal quantities. 

If the coefficients of all powers of Sa up to the r th 
vanish for air values of x and y in the last equations, 
we introduce St = Sa' as a new infinitesimal quantity, and 
so obtain the equations of the infinitesimal transforma- 
tion in the general form 

x t "te+i(x, y)St + ..., ft-y+*fc y)St + .... 
Here £ and y also contain a ; but since a is a mere 
number, it is not necessary to write it explicitly in f- 
and 17. 
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It is true that by this method for finding the infin- 
itesimal transformation of a given G 1 (6), it is impossible 
to say whether the succeeding terms of the last equations 
involve integral or fractional powers of St ; this difficulty 
is however avoided by a second method given below. 

28. Let a fixed value e be assigned to the jarameter a in the (?j, 

%«£&y,<0i y.-iK^y,*),. (6) 

and suppose tli.it the corresponding t lan^f. 'iirj at ion, which we shall 

designate as t in- transformation (e), curries tilt point of general 
position P to the new position P : . Then, by hypothesis, the trans- 
formation in the £i'[ (fi) which is inverse to («) will carry the point 
jP, back to tlie position P. Now if the parameter of the last trans- 
formation be designated by ?, it is clear that a transformation with 
the parameter e+Sc, where 5e is an inliuitcsitiia! ijiuuitity, will 
carry the point /', not exactly back to /', but to a position jf which. 
is at an infinitesimal distance from P. If the transformations (e) 
and (e + Se)be performed successively, the result iniisl be equivalent 
to the performance of a third transformation of the family (6); 
one that will take the point J' direct/]/ to the position P'. But 
since the distance PP" la infinitesimal, the transformation which 
carries the point P directly to the position F is called an 
iitfiiiitiisi/iui.l transformation. 

The above ^cometi-i^al coiisidcrai ions may be carried out analyti- 
cally. The first transformation is represented by 

.?,=<£(>, y, e), w-tf-foy,*); 

and the second by 

'*tfe»Jb>+*& y=^K,y.,«+58), 

where we suppose (.<■, //), (.»■,, ;/,), and (V, >/') to be the coordinates 
of the three points J\ / J ,, and /'' respectively. The transformation 
which carries P directly to P' is found by eliminating k v y, from 
the above equations : we find 

a?=${M*,S > t\Mx,9,e) t 3+H /-V-{*v*.J.«). +(*,#«).«+*») 

Developing in powers of Se, we have 

, awfr.* •%+<*,s,4, 1 ,,, 



3»{^(»,,/,.), f(.r,./,.), i i,. 
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But since the tra,nsfi>rinnri<'>itK (>) and (Z-) are inverse, we have the 
identities, 

*■+(+(*,».* +hy,<), si, 

and the last two equations become 

. , 3*W*.y.«).*Cr,y.«).«U . 1 



y ., , frW(*. y. 



35 



~tt 



8e+... 



nd it is evident that these equations represent an infinitesimal 
transformation. 

It ia easy to see that the coefficients of Se above do not vanish 
identically ; for they may be written 



respectively : and if these expressions were identically zero, the 
equations (lit ivhuM necessarily Lie free of any parameter, which is 
contrary to hypothec' 



Since * depends up.]) •■ alone, the equatioi: 
transformation may evidently be written 


■.s to the infill it iv in lal 


y= J - + ^,y,e)& + ..., 




y , =y + y(x,y,e)8e+... 




and it is clear that every (?, in the plane 
infinitesimal transformation. 


contains at least one 



29. If t be a parameter, it follows from the last two 
articles that the general form of an infinitesimal trans- 
formation in two variables will be 



..(7) 



x 1 = x+g(x,y)6t + ...\ 

yi=y+i(v.y)M+--) 

We shall, as usual, neglect higher powers than the 
first of the infinitesimal quantity St; and hence the 
increments which x and y receive by means of the above 
infinitesimal transformation have the forms 

Sx^i(x,y)St, $y = n (x,y)8t (8) 
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It is clear that this transformation assigns to every 
point (x, y) of general position, a direction through which 
it is to be moved, given by 

Sy = g(x, y) . 
6x i(x, y) ' 

and also a distance through which it is to he moved, 
given by 

+/$x* + Sy*= */£*+?. St. 






As far as determining a direction through which a 
point of general position is to be moved is concerned, the 
infinitesimal transformation otters an analogy to the 
ordinary differential equation of the first order in two 
variables (Chap. I., See. II). 

We can get a clear and fruitful idea of an infinitesimal 
transformation, if we suppose that we put all the points 
of the plane into motion simultaueously, by performing 
upon them the infinitesimal trans ton nation (8) an in- 
finite number of times. In this manner a point (x, y} 
will assume a simply iufinite number of continuous 
positions, which form a curve. The whole change of 
position of the points of the plane, since it is repeated 
from moment to moment, may be called a permanent 
motion, and may be compared to the flow of the 
molecules of a compressible fluid. 

If t represents the time, and we measure it from a 
fixed point, say t = it is clear that the point of general 
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position (x, y) will, after the time t, arrive at a new 
position {x v yj, where the coordinates x 1: i/„ are functions 
of x, y, and (. If ( increases by dt*, Xj and y, will, by 
(8), receive the increments 

flx i = £i x v Vi) dt ' d Vi = l&v Vi) dt ' 
so that x 1 and y^ may be found as functions of ( by 
integrating the simultaneous system 

t^i = d Vi =dt 

The first of these equations has, as we know, an 
integral of the form 

U(x v j/j) = const., 
and by Art. 23, the second equation has for general 
integral, 

Vfa, y i ) — t = const. 
Since at the time ( = the point (x^, y^ must be at the 
fixed position (x, y), we must choose the arbitrary 
constants in the last equations in the forms 

U(x, y), V(x, y) ; 
so that x v y 1 are given as functions of (, x, and y, by 
the equations 

n^io-Ffe »)+«,/■•■• 

These equations obviously represent a V with the 
parameter t ; and that such must he the ease was clear, 
a priori, from the kinematic illustration. For, if in the 
time t the permanent motion carries the point (x, y) to 
the position (x v y 1 ) — and in the time (, carries the point 
(*i> Vi) *° ** ne position (.i: 2 , y. 2 ) — it is evident that in the 
time (+£j the point (x, y) will be carried to the position 

"We may olc-iii'ly use either of the symbols S or d, to indicate an 
iiiliniteimal increment. Hero we make use of d in order that the 
.shmiltiLiieftiis >y9ti!in may appear in the usual form. 



..(») 
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(x 2 , y 2 ) ; that is to say, the- successive per fori nance of any 
two transformations of the family (9), with the values 
t and t t of the parameter, is equivalent to the perfor- 
mance of a single transformation of the family, with 
the value (< + *,) of the parameter. That ia, the trans- 
formations (9) form a G 1 . 

Thus we see that every infinitesimal transformation 
(8) in the plane belongs to a G l of finite transformations 
(9); and the 6", (!)) may be said to be generated by the 
infinitesimal transformation (8), since (9) may be con- 
sidered as equivalent to the repetition of (8) for an 
infinite number of times. 

It may be shown by means of the Theory of Functions, 
that every group of one parameter in the plane contains 
one and only one, infinitesimal transformation. Thus 
we may consider the infinitesimal transformation as the 
representative of the V 

30. It is clear that a practical method for obtaining 
the infinitesimal transformation of a given G-,, ib to 
assign to the parameter, in the equations to the finite 
transformations of the G v a value differing only by an 
infinitesimal quantity from that value which gives the 
identical transformation. 

Example 1. The equations to the 0, of rotations, 



y^xsmiL+ycQ&a., 
will obviously reni'esont iui itlciitiritl ti-tiiisfiu-niaxiiin when the 
parameter <i has the value zero. Thus, if we giro to a a value St, 
where St ia an infinitesimal quantity, we should obtain the infini- 
tesimal transformation of the above G,. We Sad 

#, =j: cos 8( -y sin 6(, 

or, by a well-known tn^oiifimetriml reduction, 

y l= y + xSt. 
The last equations, therefore, represent an infimtmmal rotation. 
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Example 2, Suppose the tx 1 transformations 

to be given ; it in easy to verify tliat they form a group of one 
parameter. Also the identical transformation is obviously given 
when the parameter I baa the value 1. Hence, to find the infini- 
tesimal transformation, we assign to the parameter tin? value 1+&; 
and the infinitesimal transformation of the above 0\ is seen to be 



31. Since transformations of the nature of those which 
we have been discussing are certain operations, upon the 
points of the plane, which are independent of the coor- 
dinate axes, it is evident that if equations, representing 
a G u of the form 

tfi = 0(a, y, t), y x = ^{x, y, t) (10) 

are given, those equations must still represent a G l when 
new variables are introduced. 

32. We shall now derive a very useful symbol to 
represent an infinitesimal transformation in the plane. 

If x, = i>(x, y, (), &«=#{*, V, t) (10) 

be the finite equations to a G v we can evidently consider 
any function of the form f{x v y t ) as a function of x, y, 
and t ; and for that value of ( which gives the identical 
transformation, say for ( = 0, we must have x 1 = x, y t = y, 
and hence f(x v y l )=f(.%, y)- Since f(x., y^ varies when 
t varies, we are led to inquire as to what increment, Sf, 
the function f(x v y t ) receives, when x Y and y t receive 
their respective increments, 

*>l-{(Bu*l)ft *¥i-1<Pv1fd*- 

We find 
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and this is the increment of the function f{;<\, yj under 
the infinitesimal transformation of the G v 

If ( = 0, since then .^ — x and y^y, we must have 

From the form of this increment, it is seen at once that 
if we know what inv,rt:mt:rrt a function /{.•:, ;/) receives by 
means of the infinitesimal transformation of a (?,, we 
may consider the infinitesimal trans formation of the G x 
to be hnovm, since the increments of x and y under the 
infinitesimal transformation are precisely the coefficients 



of ^ and ^- in the above expression for < 
is quite natural to introduce the symbol 



Hence it 



.&. 



3f. 



to represent the infinitesimal transformation 

x^x + i(x : y)St : yi = y + n (x,y)St. 
Thus, when we speak of the infinitesimal transformation 
§£. Zl 
y -dx +X -dy' 
mean the infinitesimal rotation 

x^=x — yU, y x = y+xSt. 

We shall usually represent the above symbol for an 
infinitesimal transformation still more briefly by the 
symbol Uf; so that, of course, 



U/-{(x, 



»I+*.»>! 



Since the infinitesimal tra us formation of a given (?, 
may be considered to represent the G v Art. 29, we shall 
often speak simply of the G v Uf. 

33. It is easy for the reader to convince himself that 
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an infinitesimal transformation in the variables x, y, z 
— that is, a transformation by means of which these 
variables receive the increments 

Sx = £(x,y,z)8t, Sy^i(x,y,z)St, &y = &x, y, z)6t, 

may be represented by the symbol 



v/= ii*,y >*)%+»(■ 



'dz 



and the remarks of Arts. 29-32, mutatis mutandis, may 
at once be extended to this transformation in three 
variables. Thus the above transformation assigns to 
each point of general position (x, y, z) a distance, 

through which it is to be moved; and a direction, given 

by 

&c:<fy:«Sz = £:ij:f 

The symbol of an infinitesimal trans fonnati on in n 
variables is obviously 

ny-fiCfc ...*>![+.■•+«. ^! 

and the remarks of Arts. 29-32 as to the geometrical 
meaning of a transformation, t>tc., may also he extended 
to the transformation in n variables. 

34 The symbol U{x) means, put x in place off in the. 
identity 

and similarly for U(y). It is seen immediately that 

(70). f, C(y>»,; 
sothat U(f),U(x) d / r +U(,j).y 



**■«+» 
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35. If new variables x', y' are introduced into the 
symbol Uf, since 

dx 3a? 3a: 3/ 3a;' 



Uf becomes 



3/ = 3/ ^,3/ 






dy -by' 'dy\' 



where £ and i; are expressed in terms of x' and y'. But 
the last expression may evidently be written 

The method of extending this result to n variables is 
obvious. 

36. We shall now see how convenient the new symbol 
for an infinitesimal transformation is. 

If the function f(x v y^ be developed by Maclaurin's 
formula, we find, writing j\ for f(x v y^), 

Now 

<£ "Ba^" rff 3&* dt ' 
and writing, as we may, the symbol d for the symbol A 
to express an infinitesimal increment of x t and y v we 
have, Art. 29, 

dx, ,, . dy. , . 

Hence 
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But the last expression is exactly the symbol Uf written 
in the variables x v y 1 ; let us call this UJ'. Thus 

and this identity means that any function f x of x^ anu y, , 

S'ves, when totally differentiated with respect to t, U^f. 
ut U J' is itself such a function ; hence 



2JSZP.W, 



dt>~ at 



V t (VAUJ)); 



and the law of formation of the coefficients in the 
expansion (11) is now obvious. 

If we put t = in the coefficients of (11), then x t and 
y. are changed into x and y\ also Uyf becomes Uf; 
U^U-J) becomes U{Uf), etc. Thus we arrive at the 
important expansion 

/<*„>,,)=/(*, <,)+jtr/+j^!7(!7/>+ (12) 

This holds, of course, when f\ has the particular values 
x v and y v Thus 



■i-«+Jirw+^jP(i7-«i.))+.. 



..(13) 



and these are evidently the finite equations of the Gj of 
which 

is the infinitesimal transformation. The equations (13) 
are of course only another form of the finite equations 
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found, Art. 29, by integrating a simultaneous system. 
The reader may readily see that the results of this 
Article may at once be extended, mutatis mutandis, 
to n variables. 

Example 1. Suppose the miiniti'sinial transformation 



U(x) ■ -j, 


"&) ■ •. 


W('» »-* 


C(CW) --J, 


"<W«)» - J, 


iW%») •-', 


amumx)))), ,, 


"(P(P(C(jt»))- j. 


Thus, by (13), 


3 y 1.2.3.4 ' 


j.-y+j'-nsj-!.. 


j' + rraL4» + - ! 






«i-»(i-CT f n4^7s--)-»(f-rlr» + -)' 

»--»(i-ri3 + -) +J '( 1 -o + iTAr4--)- 

By well-known developments of the Differential Calculus, the 
last equations may be written 

Hence the 6, is the L of rotations, mentioned Art. 26. 
E.rrtiiu-Je 2. Given 

to find the finite equations of the <?]. 

Here, proceeding as above, we find the expansions 



=^+j;.y + j- 2 y+- -=}/<?■ 
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SECTION II. 

Invariance of Functions, Curves, and Equations. 

37. Suppose, now, that we demand that a given 
function of x and y, of the form Q(x, y), shall be 
invariant when we perform upon it the transformations 
of a given G v That is, if the infinitesimal transforma- 
tion of the given 1 be 

and the equations to the finite transformations be 

.q=0(*,2/,*), y^&y.t) (1) 

we demand that when, by means of (1), £2 is expressed 
as a function of x v y v Q, must be the same function of 
x 1 , y l that it was of x, y. Thus we must have, for all 
values of t, 

il(x vyi ) = Q(x,y), 
by means of (1). 

But, from (12) in Sec. I., the last equation may be 
written 

n(x,y)+ t i lT(Q)+^U(U(n)) + ... = n(x,y); 

and we see that a necessary and suffieient condition that 
H(x, y) shall be invariant under the G l (1) is that 

tT(fi)=0 (2) 

If this condition be fulfilled, fi is called an invariant of 
the 0,(1). 






INVARIANCE. 



The condition (2) may be written out in full 



and this shows that Q is a solution of the linear partial 
differentia! equation in two variables 



*+4S 



=o, 



Hence 
always 



or an integral-function of the equivalent ordinary differ- 
ential equation 

dm _ dy 

1~T 

ee that, by Art. 17, a Gj in two variables 
one invariant ; and every invariant can be 
: a function of any one invariant. 

/i.iniiip/e. The function 

0<* »)«*»+,« 
* an invariant cif the G\ of rotations ; 

For, from the last equations, 

hence 

Q(x,y) = x* + i/* = (x 1 caat+y,aiatf+(if 1 coBt-x 1 ainty i 

=*, s {oob ! t + sin* t) +^(s\n 2 1 + cos 2 t) 

=V+.?i' s fl(*n yd- 

Hence il has the same form in the variables .r„ y s , for all values of 

(, that it has in the variables .r, v ; i.e., 1> is an invariant of the O t . 

The infinitesimal transformation fif this (?, is 

nd we may at once verify the fact that U(Q) = ; for 
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We see that the verification of the fact that is an invariant is 
much simpler when accomplished by means of the infinitesimal 
transformation of the G is than when accomplished by means of the 
filiite transformations. 

38. Every point of general position in the plane 
describes, Art. 29, a continuous curve when the infini- 
tesimal transformation of a given G x is performed upon 
it an infinite number of times. We shall call this curve 
the path-curve of the point under the transformations of 
the (? 1 ; and it is obvious that each 6 1 may be said to 
have x 1 path-curves, one through each point of general 
position in the plane. 

The direction through which a point {x, y) is moved 
by a given & v of which the infinitesimal transformation 



Vf-i- 



y±Jl. 



s given, Art. 29, by 



y_t («»y) 

x $x, y) 



Now if U(x, y) be an invariant of the G v we saw that 
Q must satisfy the linear partial differential equation 

But this partial diilereiitia] equation is equivalent to the 
ordinary differential equation 

^(x l y)dy- n (x,y)dx=0. 

That iB, il must be an integral function of the last 
equation ; and the integral curves 

JJ(ic, i/) = con8t. 
have in each point the tangential direction 
<ly = >i(x, y) 
dx $(x,y)' 






Hence an invariant, il(x, y), of a Gj in the plane, being 
written equal to an arbitrary constant, will represent 
that family of co 1 curves in the plane which we call 
the patk-cwrves of the G v 

39. It should be noticed that any point, or points, in 
the plane for which 

are absolutely invariant under the infinitesimal trans- 
formation of the given G 1 , 



Uf-( 



■•■dy 



since in these points x and ; 
crements at all. 



do not receive any in- 



The infill itt'simal transformation of the l of 




partial differential equation 



must be a solution of the lin 



a the integral -function of 
dx dy 



or of xdx+ydy=*Q. 

The integral -function of thia ordinary differential equation may 

obviously he assumed to be 

Henee the poM-WVM of the O lt that ia, the curves which the 
points of the (ibme dcscrihi: wliun tlmy are snlnect.i.-d to the trans- 

foriiiiiti'ins of the (/, "i rotations arunnd 1 1 it- origin, are the circles 

Q = x 2 + y 1 = conBt. 
This was, of course, jie'iiiu-tvk-ally evident a priori. The origin i.-i 
obviously an absolutely invariant point 



Kctiurtih' '2. Suppose tin- infiriiti 




transformation 



"he invariant is Found as the solution of 

3fi an „ 

s the integral-function of 

xdy — ydx=Q. 
i integral- function is obviously il = ~. Hence the path- 






IN VARIANCE. 

of the G v of which .'- ..; + .'f//- i ' is the infinitesimal transformation, 
are the straight lines thn.myh the origin 

The absolutely invariant (joint* are given b_v 

that is, # = 0. Thus the j-axis is an invariant straight line, which 

ui insists of absolutely iiivju'iant points. 

40. A family of x 1 curves in the plane, considered as a 
whole, may be invariant under the transformations of a 
given Gj in two ways ; each curve of the family may be 
separately invariant, when, of course, the family is, as a 
whole, also invariant; or the curve* of the family may, 
by means of the transformations of the G v be inter- 
changed among each other, leaving the curve-family as a 
whole, however, still invariant. 

We have seen that the path-curves of a given G x are a 
family of m 1 curves which is invariant in the first way, 
that is, each member of the family issepj-irately invariant. 
Usually, however, when a family of x 1 curves in the 
plane is invariant under the transformations of a given 
V the individual members of the family are not in- 
variants, but are merely interchanged by means of the 
transformations of the G v 

Let 

il(x,y) = const. ' 
be any family of curves in the plane, which, as a family, 
are invariant under a G t whose finite transformations 
are given by the equations 

x-L=$(x,y,t), y x t *- t K»,y,t), 

whilst the infiuiU'siiiial transformation of the (7, is 




p/««*. »)!+.<». vM 



ve-family is to be invariant, the equation 



to the curves must, in the variables x lt y v have a 
functional form either identical with, or equivalent to, 
that in x and y; that is, the equation to the invariant 
family may be written, in the new variables, in the form 
£l(x v y 1 ) = const. 

Now we know that 3>(Q(,c, y)) = const. represents the 
same family of curves that il(.r, y) — const, does ; hence we 
may write, as the condition that the family Q(.i-,y) — const. 
shall be invariant, 

If the left-hand member of this equation be developed 
by means of (12) in Sec. I., we find that a necessary and 
sutlicient condition that the curve-family £l(x, y) = const. 
shall be invariant, i8 that 

U(il(x,y)) = F(Q(x,y)). 

When a relation of this form holds, we sometimes say 
that the family of curves admits of the transformations 
of the G v For the particular case that F(Sl(a;, y)) = 0, 
the above condition gives, as it should, the family of 
invariant path-c 



We saw tb at the 




circiea, Art. li! 



are the path-curves of the <i i of rotation* ; and hence, of course, 
they form a family of curves which are invariant under that 6', 
in such manner that each curve is separately invariant. But the 
family of i 1 circles is also invariant under the G x , 
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1 the equation to the circles, ^ 



ay* +^i 1 = cod at. ; 

which is an equation of the same functional form in x,, y, that the 
original equation waa in x, y. 

Thus, by means of the finite transformations of tlie '/,, we see that 
the curve-family as a whole ia invariant, while the individual 
members are obviously i><H invariant. We may at (■nee verify tlie 
; thing by means of the infinitesimal tramformatiou Uf. For 



here 

V{Q)= U(x* + >/*) = 2x . x + 2y .i/ = 2(.v>+y*). 
In this case, therefore, 

or the curve- family is invariant. 

Example 2. The family of straight lines 

admit of the G, of rotations an d the origin. This may be 

readily verified by means of the finite equations of the rotations. 
But the infinitesimal transformation is 



^-»g+# 



= ^ + l=Q> + I. 



41. The results of Arts. 37-40 may be readily extended, 
mutatis mutandis, to three; or more variables. 
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" "'W 

be the infinitesimal transformation of a G 1 in three 
variables, the points, or curves, for which 

f«t-f-0, 

are absolutely invariant under the G v 

Also, the necessary anil sufficient condition that a 
family of w 1 surfaces, £l(x, y, s) = const., shall he invariant 
under the G\ is that 

U{il) =F(Q). 

42. In a manner entirely analogous to that of Art. 37 
it is seen that the necessary and sufficient condition that 
an equation of the form 

Q(x,y) = 
shall be invariant under a given G v Iff, is that the 
expression U(Q) shall be smv, either identically or by 
means of £1 = 0. This condition may at once be extended 
to n variables. 

Example 1. The equation Jiej'-'+j'-l =0 ia invariant under 
the O v 



«*— *H 



du 



ffttt)-- fg^— ft»+fc»-a 

ence the condition for an invariant equation ia satisfied. 
V.j-'ihijhi i. The equation 

n=s/-x=o 

invariant under 

IUM. 



For here 

mn . 30 , 912 _ 
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43. We shall how find all equations of the general 
form Q = 0, which are invariant under, or " admit of," 
a given G v Uf; and as this result is very important for 
future use in more than three variables, we shall develop 
it at once in n variables. 

If the given G v in the n variables x v ..., x n , have the 
form 



Vfmifa,...,^ 



(-&<«!, 



*.), 



it might be possible that the f 1 , ..., f,„ are such function 
that they all become zero by means of an equation which 
is invariant under the G v If we represent the equation 

Q(x lt ...,x a ) = 0, 

it is true that in this case Q — Q is an invariant equation ; 
but the system of values of the variables which satisfy 
ii = is not transformed at all. 

For instance, in two variables, the equation 

x^+if- 1 ! =(l 

is evidently invariant under the G v 

e/.^+i/'-D^+a^+j/'-i)!', 

inasmuch as the infinitesimal transformation of the G Y 
vanishes entirely when x 2 +y 2 — 1 is zero; and the 
G 1 does not transform at all the system of values of 
x and y, which satisfy the equation 

x 2 +f-l = Q. 

We shall, in future, exclude from consideration an 
invariant equation which makes all the £ lt ..., £„ iden- 
tically zero. 

Thus we may assume that one at least of the f„ ..., f„ 
in Uf does not become zero by means of the equation 
12 = 0. Let us assume that f„ is not zero; then, by 
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Art. 42, it is clear that if il — Q is invariant under the 
infinitesimal transformation Vf, it will also be invariant 
under the transformation 



TfS | 



& f 

e„ ■'■, 



+ ■ 



£. at,., a*, 



For, if t r (i2) is zero, either identically, or by means of 
fi=0, it is clear that F(fi), which is (7(0) divided by £„, 
will also be zero, either identically or by means of SJ = 0. 
Now the linear partial differential equation of the first 
order in n variables, 

has (n — 1) independent solutions which are functions of 
ajj, . . . , x„, and which we shall designate as 



But if we consider x„ in connection with these (n — 1) 
independent functions, it is clear that the n functions 

must also be independent. Otherwise we might express 
x n as a function of y v .... y„_i, say in the form 

But, Art. 20, the last equation means that x n must be 
a solution of the linear partial equation Yf=0 ; which is. 
manifestly impossible, since for f=x a this equation 
reduces to 1 = 0. 

Hence the n functions y v ..., y n -\, x n are independent, 
and we may introduce them as n new independent 
variables. By Art. 35, it will be easily seen that Yf then 
assumes the form 



which is a mere translation. 

Hence, we may remark, incidentally, that by a proper 



INVARfANCE. 

choice of variables, every infinitesimal transformation 
may be brought to the form of a mere translation. 
In the new variables the equation £2 = has the form 

and x„ can only occur formally in this equation. For if 
X„ be really present, we might solve and find x n in terms 
of y,, ..., y n -u so that the invariant equation will have 
the form 

But for this equation to be invariant under Yf, we 
must have F(F) zero, either identically or by means of 
F = 0. Now 

F<F)«F(*»-*)sI; 

and hence we see that the variable x n cannot occur in 
the function F. 

If now we return to our original variables and desig- 
nate the equation which is invariant under Uf by 12 = 0, 
it is clear that Q must be capable of being expressed as 
a function of the (n—1) independent solutions 

lb «»*••, Ib-i 

of the linear partial differential equation Yf=0, or of 
its equivalent equation Uf—0. 

This is a result of much importance for our subsequent 
investigations. 

For the special case of three variables, it follows that 
to find the most general equation which is invariant 
under a given G v 

Uf,((x, y, *)%+•,(.*. V. *)j|+K*, V, *)%■ 

it will be necessary to find two independent solutions of 
the linear partial differential equation of the first order 
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If these solutions be u(x, y, z) and v(x, y, z), tlie most 
general invariant equation will have the form 

F(u, v) = 0: 

or, written in a form solved for v., 

it=f{v). 



SECTION III. 

The Lineal Element. The Extended Group of Owe 
Parameter. 

4A. A lineal element is tin- aggregate of a point (x, y) 
in the plane, and a direction through that point. If y' 
represents the tangent of the angle which the direction 
makes with the .t-axis, it is clear that x, y, y' may be 
regarded as the coordinates of the lineal element; and 
by assigning to y\ which need not necessarily be con- 
sidered a differential coefficient, all possible numerical 
values, we evidently obtain the x l lineal elements which 
pass through the point (x, y). 

An ordinary differential equation of the first order 
in two variables, of the form 

may now be considered as an algebraic equation in the 
three variables x, y, y', defining =o a of the x 3 lineal 
elements of the plane. The equation = 0, as a differ- 
ential equation, has x> 1 integral curves; and the tangent 
to an integral curve at any point (.c, i/) must be determined 
by a value of y which satisfies the above equation. But 
the same value of y' determines the lineal element 
through the point (x, y) : for when x and y are fixed, only 
that value of y' will satisfy S1 = 0. Thus the x* lineal 
elements which are defined by the algebraic equation 
in three variables, Q = 0, en vel&pe the integral curves 
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the differential equation in two variables, £1 = 0, as indi- 
cated in Fig. J . 




If the equation £2 = happens not to contain y' at all, 
it still represents x s lineal elements, although it can no 
longer be considered a differential equation. These are 






evidently the so a lineal elements whose points lie along 
the curve £1 = 1), as indicated in Fig. 2. Through each 
poiut pass co 1 lineal elements, since at that point x and y 
axe fixed, while y', being indeterminate, may have x l 
different values. 

In the following, as we have only to do with differ- 
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ential equations, we shall always consider that fl actually 
contains y'. 

45. If a transformation be given by the equations 

«!=>#(«, y\ $i=ir(&,y), (i) 

it is obvious that not only the points of the plane, but 
also the oc 3 lineal elements are transformed by (1) 
according to a fixed law. For the value of the trans- 
formed y', which we shall call y\, and which determines 
the direction of the transformed lineal element, is 
determined by means of the equations, 



, _ dy l _ d\js _ dx dy ' " 
^ 1 = dx 1 = d,p = ~6<j> ~d<j> 

9a Zy ' y 

Thus it is seen that the value of y\ depends merely 
upon the transformation (1) and the values assigned to 
x, y, and y'. The transformation in the three variables 
x, y, and y', 

*,-*(*,!* y,=i-(z,y), »',=^ (2) 

which tells how the oo 3 lineal elements of the plane are 
transformed, is called the extendi''! transformation corre- 
sponding to the transformation (1). 
46. If a Gj be given by the equations 



= <j>(x,y,a\ yi = ^{x,y,a),. 



..(3) 



each of its oo 1 transformations may be extended in the 
above manner. It is natural to expect that the ao 1 
transformations in the variables x, y, y' will themselves 
form a G x ; and the proof that such is the case is very 
simple. For let 

.r i ^^(x v y l ,a 1 ), i/ 2 = i/r(a^ y v «,) (4) 

be a second transformation of the G, ; and let the 
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elimination of X, and y, between (3) and (4) give a 
transformation of the tr'j of the form 

*■=$(«> y, 6), y!-iK«, y- &)> C s ) 

& being a function of a and a, alone. 

If each of the transformations (3), (4), and (5) be 
extended, it is easy to see that all the extended trans- 
formations form a G v For (3), when extended, becomes 



and (4) becomes 






■(6) 



(?) 






The successive performance of (6) and (7) upon the 
lineal elements of the plane is equivalent to the per- 
formance upon them of the transformation obtained by 
eliminating iCj, i/j between (6) and (7). But by (5), the 
latter transformation must have the form 



= <p(x,y,b), y 2 =ir(x, y, b), y\= 1 i l ~ ( - 



..(8) 



di$s(x, y, h) 
dj(x, y, b)' 

where b is a function of a and % alone. It is clear that 
(8) is the transformation which would be obtained by 
extending (5) ; that is, the x ' extended transformations, 
corresponding to the G i (3), form themselves a G v 

47. It is also obvious that if a point transformation of 
the form (1) be given, not only will y', but also y",...,^, 
be transformed by (1 ) according to fixed laws. 

The transformation in four variables, 




H*—t>(*> v)> yi=i , ( x < y)< y\ 



_d± 
' tltjt' ' 



_ jy 



is called the twice-extended transformation corresponding 
to(l). Each of the x 1 transformations of the G l (1) may 
be twice extended in this manner; and it is very easy to 
see that the x 1 twice-extended transformations in the 
four variables x, y, y\ y" also form a G v 
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Similarly, it may be shown that the thrice-rxte tided 
transformations of a given 6\ in the variables x, y, y', y", 
if" form a £?,, and so on to the ?i-tiines extended trans- 
formations oi the £?,. 

48. We shall now give a method for finding the iti- 
finitesiinal transform at ion of an extended G v since the 
conditions for the existence of such a transformation, 
Art. 26, are obviously fulfilled. 

If the finite transformations of the G 1 be given by the 
equations 

«i~#(0, v> 0. ttt-ifa y>t), (9) 

and the infinitesimal transformation by 

we know, Ait. 29, that £ and ij have the forms 

Sx , Sy „ AV 






where symbol iS is equivalent to the symbol of differei 
tiation. Thus, since 

, dy 

we have 

*§2 *^**_ 

st 

6t~ St ~ dx* 

Since the order of the operations indicated by S and d 
can be reversed, 



or from (10), 



■1£ 
& ~ 



,iy- 



_,l„_,ly d£Jv_ , d( 
St dx dx dx <(x * ' dx 
This is the increment assigned to _(/' by the trat 
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tion (9); we shall usually indicate it by if, so that the 
infinitesimal trans format ion of the once-extended G, has 
the form 

49. In an entirely analogous manner it may be shown 
that the increment which y" receives under the trans- 
formation of the G 1 (9) has the form 
„ dm „ dfi 

" "ffi-» ■aJ* 

ami generally, the increment of (/'"'is 

'*'-isr-!'"s' 

Thus the infinitesimal transformation of the ii-times 
extended G t is 

EXAMPLES. 

In examples (l)-(9) below, it is required : (<t) to find by Art. 30 
tlit? infinitesimal transformation, l'/\ fnun tlu' aecninpanying finite 
transformation, I beinji tin: parameter of tin.' '■', ; (li) conversely, to 
find the finite transformations nf the 6*,, by Art, 36 or Art. 29, 
considering the infinitesimal transform;!! iuii as ln.-iiij; given ; (c) to 
find, by Art. 39, what points or lines, if any, are absolutely invariant 
under each 0\ ; (</) to find, by Art. 37, an invariant of each (7[ ; 
(e) and, finally, by Arts. -J!) and 3S, to draw a figure representing 
the path -curves iiloiij; which the points of tlie plane are moved by 
means of the transformations nf eaeh of the '•', respectively. 

(1) ,■,_*+!,.,,_»; P/.g. 

This ia the (/, of translations of all points of the plane, through 
a distance t, in the direction of the .r-axis. 

The (/, of translations alone; they-axis. 
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(3) *> 


=tx, Sl =y; 


*-4S 


This is a <i\ of so-called tijfi-iie transformations. The effect of 
performing these transformations upOD the points of the plane, 
when ( is positive*, is '*'(iiivali-iit to a xtrett'hing of tin- plant-, as if it 
were a huni'iLK'Hi-ovis t-1 n --^ t i ■ ■ i<lati-. in tlu 1 diri'i'tion of the .'.'-axis. 


«*, 


=tx, yi =ty; 


*-4£** 


This is a 0\ of Bo-oalled siiiiilitniliuous ( i-aiisf ovulations. All 
coordinates are seen to be increased, or diminished, from the origin 
* out, in the same- ial in, Hi'iiit, a figure in the plane always remains 
similar to itself under this (/,. 


(5) .«, 




>"-"T&r*-ad'%*& 


By, 

moved 


neans of the finite (ran-. formations of this 6',, all points are 
along their radii vectores through the same distance (. 


(6) *, 

(7) .r, 


-tx, Sfp 
•SKMt-yiti 


„ 1 ,j 1 .,.i„,+,co„;i7/.- y g +I |. 


(8)^ 


=ra *- 


ft<^"%*^ 


(9) *, 


-I^*i- 


ft **&'<% 


{10) Show that the family of all =c s conic sections whose axes 
coincide with the coordinate ases, 






»-i4='' 




is invariant 


jnder the G\ of affiue transformations, 




Verify the 


result by making use of the condition, Art. 40, 
PM.2(»). 


(11) SI 


low that the family of j: 1 L-nnoentvic circles, 






.r'+yW, 




is invariant u 


nder the '.', of siniilituiliiKtus trannWmations, 




ind verify the result by Art. 40. 









EXAMPLES. 6 1 

(12) Show that the family of oo 2 straight lines, 

is invariant under each of the G l given in examples (l)-(4) 
and (6)-(9) ; that is, that these G x are projective. Verify the 
results, as usual, by Art. 40. 

(13) (a) Show that the family of oo 2 circles with radius 1, 

(*-a) 2 +(y-&) 2 =l, 
is invariant under the G l of rotations given in example (7). 
(6) Show the same of the family of oo 1 tangents to the circle, 

^ 2 +^=l. 
[See Ex. (17), Chapter I.] 

(14) Show that the family of oo 1 circles, 

is invariant under the G x of translations, 

x x =x+t, y x =y. 

(15) Show that the family of oo 1 circles which touch both axes 

of coordinates, 

(x - a) 2 +(y - af=a 2 , 

is invariant under the G l9 x x =tx 9 yy=ty, verifying as 
usual. 



CHAPTER IV. 

CONNECTION BETWEEN 

EULER'S INTEGRATING FACTOR AND LIE'S 
INFINITESIMAL TRANSFORMATION. 

50. We are now prepared to show to what the develop- 
ments of the preceding Chapters have been tending. 
In the first section of this Chapter, we shall show how 
to integrate the exuc.t differential equation of the first 
order in two variables. In the second section, we 
shall show that a differential equation of the first order 
in two variables which is invariant under a known (?, 
may always be integrated by a quadrature ; while in the 
third section, we shall establish some of the most 
important types of such invariant equations. 



Exact Equations of tlw First Order. 
Factory. 



Integrating 



51. A differential equation of the form 
d&(oj, y) = 



..(1) 



since it is obtained by the ecnujilete differentiation of an 
equation of the form 

$(x, j/) = const., 
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it is said to be an exact dini-rential i-quation; and the first 
member of (1) is called a complete differential. 

It is obvious that not every differential equation of the 
first order, 

X{x,y)dy-Y{x,y)dx = 0, (2) 

is exact ; for, to be exact, it is necessary that the condition 



3* 



ar 



But from this follows 



(3) 

since each of these quantities must be an expression for 



We shall see that this necessary condition that (2) shall 
be an exact equation is also sufficient. For the most 
general function, $, which satisfies 



;=-- J V.;/>, 



is obtained from 



\>^-^Y(x,y)dx + Z(y); 



the integration being performed as if y were a constant, 
and Z being a function of y alone, which occupies the 
place of the constant of integration. The only other 
condition to be satisfied is that the partial differential of 
<£ with respect to y shall be equal to X(x, y) ; that is, 

X(x,y).^{-fa, V )dx+Z(y)} (4) 



.X(x,y)+^Y(x,y)di 



..(5) 



ay 

i Z is free of x, the second member of this identity 
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must also be free of x ; that is, its partial differential 
with respect to x must be zero. Hence 



Zx dy' 

which is exactly the condition (3); that is, (3) is a 
■n-ecctfsary and a sufficient condition Had the differential 
equation (2) shall be exact. 

From the above it follows that the integral of the 
exact equation (2) may be found by quadrature in the 
form 



-\Y{x, j) ( fc+j(z(. r , 



</)+ 



tfYjx, y)dxr 



)<iy- 



const. ; 



: const. . 



or, if more convenient, the equivalent formula, 

*. -|X(«, ■ S ),i s+ \(T( I , yH *l* ( £,'» j > . 

may be used. Here the integration with respect to y 
is to be perfonned as if x were a constant ; and with 
respect to x as if y were a constant. 

It may be remarked that the equations of Chap. II.. 
See. II., are a special class of exact equations. 

Example 1. In the case of tlm differential equation 
{y- - 4j-;/ - 2.e*)rfy + (.7? - Ajvy - 2y s )<& = 0, 
tlie condition (3) is saiisHed. For 

wheuce, as may be at once verified, 

zx dr. 



so that the differential equation is e. 



'%' 
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Using the first of the above formulae for «i», we find 
-J Y{x,y)dx = -^~2x s y-%xy*; 
Z\r( X ,y)dx _ 
Thus 

„ 3 J 



and he nee 



= 2# 2 +4ry. 
d\r(x,y)dx 



/(^^aifc^^, 



othat 

* (>> y) = y- 2afy - 2tfjf a +'|- = const. 

is the general iul-Cjjriit sought. 
*' " "lv he readily verified th; 
i lead to the same result. 

',e 2. Given 

?*-(i+5)*-°- 

We see that tlie condition (3) is here satisfied. The eecond for- 
mula for 4> may be used advantageous^ in this ease. We have 



djxdg_ 



r+ 



Z\Xd a 



i+S 



x. Heuce the general integral sought is 
-— + # = const., 
x*-y* = cx. 
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52. It will usually not be the case that the functions 
X and Y in (2) satisfy the condition (3). But since 
every differential equation of the first order of the form 
(2) must have an integral of the general form 



the equation 



Q,{x, j/) = const., 



..(6) 



must be equivalent to (2). That is, there must always 
exist a function M(x, y), such that we can write 

^dx + ^iy . M(x. y)(Xdy- Yte); 

and since the left-hand member of this identity is a 
complete differential, the right-hand member must be a 
complete differential also. From (3) we see that M, X, 
and Y must satisfy the condition 



■dMX dMY_ 

'OX b// 



0. 



The factor M, which converts the equation (2) into an 
exact differential equation, is called, after its discoverer 
Euler, an Eider's inky rutiny factor of the differential 
equation (2). 

Example. In the equation 

(x -ya?)dy +(y + xy*)dx=0, 



it will become enact; ami the method of the preceding mi-( Lt'lf- 
as the genera] integral, 



log!- 
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A Differential Equation of the First Order, which is 
Invariant under a known (?„ may be integrated 
by a Quadrature. 

53. Having seen in the last section that an exact 
differential equation of the first order in two variables 
may be integrated by a quadrature, and that the know- 
ledge of an integrating factor of a given differential 
equation, which is not exact, enables us to put the 
equation into an exact form, we shall show in this 
section what it means for a differential equation of 
the first order to be invariant under a given G, ; and 
we shall see that such an invariant equation may be 
integrated by a quadrature. 

54. In order that an algebraic equation 

w(a, y, 2/') = 0, 
in the three variables x, y, y' may be invariant under a 
given G v in the same variables, 

it is, by Art. 42, a necessary and sufficient condition 
that the expression U'(w) shall be zero, either identically 
or by means of w — 0. It was also shown, Art. 43, that 
if u and v are two independent solutions of the linear 
partial differential equatioi 



*>«+■£♦<$■ 



o. 



the most general form of the invariant equation (0 = ia 
fi(w, v) = 0, or u-F(V) = 0. 
55. If now y' be considered the differential coefficient 
of y with respect to x, the equation 

w(«, y, y') = o 

will he a differential equation of the first order; and if 
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we consider TJ'f to be the once-extended G t corresponding 
to the ffj in two variables, 

when the expression U'(w) is zero, either identically or 
by means of the equation w = 0, the differential equation 
of the first order, w — 0,is said to be invariant under, 
or to admit of, the G v 

Also we see that to find the most ijencnd differential 
equation of the first order which sliall be invariant 
under a given G v TJ'f, it is necessary to find two 
independent solutions of the linear partial differential 
equation of tlte first order, 

that is to say, we must find two independent integral- 
functions of the simultaneous system 
dx^dy cjw* 

inn 

One of these integral- functions may be found from the 
equation 

da dy 

and since £ and ij are free of y\ this integral -function, 
which we shall call u, will not contain y'. The second 
integral-function, which we shall denote by v, and for 
finding which one method has been indicated, Chap. II., 
Sec. 2, must contain y'. The most general invariant 
differential equation will then have the form 

«-»(■)-« 

56. To find the integral -function u of the preceding 
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article, it is theoretically necessary to integrate a differ- 
ential equation of the first order, namely, 

dx dy 

But from the form of this equation, we know, Art. 38, 
that it = const, must represent the path-curves of the O v 

Hence, if the path-curves of the G v Uf, are known, of 
course it is also known ; and it will be remembered, 
Chap. III., Examples, that the path-curves of a large 
number of the most important G^'s in the plane can be 
found by integrating difli.-rtrntial liquations of the first 
order which are exact. Thus, in a large number of 
the most important cases, u can be found by a quad- 
rature. 

We propose to show now that if u Ims hei'n found, r can be found 
ii>/ a i/iiijclralitre. 

We have already seen, Art. 43, that every infinitesimal transfor- 
mation in ii variables can he brought, by a proper choice uf variables, 



to the form of a mere translation. If it be known, we shall first 
show that in this case 



r< £< 



can be brought to the form of ■ mere translation by a juadmtMtt. 

Let us introduce into Of the new variables #„ v t ; and 
demand that Uf assume the form of a translation. Thus Uf, 
Art. 35, becomes 

IV.t'Mil + Pwf;- 

In order that U-J shall have the form of the translation *r- 

in the new variables, it; in necessary to have 

That is to say, .£, must be a solution of the partial eijuntion Of=0 ; 
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and since u is a solution of this equation, being by hypothesis the 
integral-function of the ordinary differential equation 

dx _dy 

£ V 
we may assume x x = u. 

Now y x must be a function of x and y, which satisfies the 

equation 

and we may assume that y v x, and y are connected by an equation 
of the general form 

&(#, y y yi)= const. 

By differentiating this equation with respect to x and with respect 
to y successively, we find 

3fi + 3J2cty 1=0 
3# *dy x 3r ' 

Multiplying the first equation by £ and the second by rj, and 
adding, we obtain 

*312 312 , 312 //^y, 3y,\ _ 

or, on account of the differential equation connecting x, y y and y x , 

,312 312 , 312 A 
f 3^ + ^^ + ^ =a 

But, by Art. 18, this linear partial differential equation is 
equivalent to the simultaneous system 

dx _dy _dy x 

that is to say, y x may be found as a function of x and y by in- 
tegrating this simultaneous system in the three variables x, y, y v 
But we already know one integral-function of the system, namely, 
x x or u. Hence it is obvious thaXy x may be found by a quadrature ; 
for we only need to eliminate, Art. 23, say x out of the equation 

rj ** 

by means of u= const., when we have an ordinary differential 
equation between y and y v in which the variables are separate. 
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Thus, by a quadrature, we have found the 
mate Uj take the form of a mere translation* 
differential equations which art 



variables which 

,, M, But the 

it under this transit H>ni 

(In- variables ■''[,,'/,■ evidently 



"V-* 






:&,« 



where £,, >j l7 ij\, and ?/, have the usual meaning. Hence to find 
the invariant equations, we must find two integral functions of the 
simultaneous system 



" 



since £, and ij', are zero. But x, and y 1 , are evidently two 

inrli'ric iiileiit nil i-^r.il- I'uiu-t i'Ui.s of this system, ib-in'ir I lie general 
invariiinl ililleiviitial equation in the variables .c,, i/, will liave the 

aw,y,).o. 



t be a function of /' ; 



But since x, is identical with u, y\ 
we can obviously assume y\ = v. 

Hence when the path-curves, M=coust., of a given G : are 
known, the most general ililli-renl inl equation of the first order 
which is invariant under the given G t may be found by 
quadratures. Pt'ietieally the i.alotilnl i'>o;- may usually be made 
much shorter than indicated above, since in the most important 
■s the variables in tin.- simultaneous system to be integrated, 
<fo (jy cty 

$ n "v* 

may he separated by inspection. 

57. In Art. 37 the function u, which 
the linear partial dirfemitial equation 




f a solution of 



■& + 4.-o, 



ant of the G v Uf. Similarly, the 
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function v, which we saw must always contain y', i 
which is a solution of 

is caller) a liitferevtial invariant of the first order of 
the ff lt Uf. 

58. If x, y, and y' be considered the coordinates of a 
lineal element in the plane, the equation 

u{x,y,y') = (1) 

represents, Art. 44, x 2 of the x 3 lineal elements ; and to 
demand that the equation w— shall be invariant under 
the Q v U'f, ia the same as to demand that the family 
of oo a lineal elements shall, as a whole, be invariant 
under U'f. For, the analytical criterion that (1) shall 
he invariant, means, interpreted geometrically, that the 
transformed (1) shall represent the same family of co 2 
lineal elements that (1) itself does. But these co a lineal 
elements envelop the co 1 integral curves of (1), con- 
sidering this equation as an ordinary (inferential equation 
of the first order ; and since the family of lineal elements 
is invariant, the family of cc 1 integral curves must also 
be invariant under the G,, U'f. 
Thus, if 

$(«, y) = const (2) 

represent these integral curves, since (2), which does not 
contain y' at all, must be invariant under the extended 
O v U'f, this equation must also be invariant under the 
Gj, Uf; that is, by Art. 40, a condition of the form 

(3) 

muBt hold, if the differential equation (1) is invariant 
under U'f 

Conversely, if a condition of the form (3) holds, of 
course the x> 1 integral curves (2) are invariant — and 
with them, the family of oo* lineal elements (1) — or, as 



U($(x,y)) = W($).. 
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we may say, the differential equation of the first order 
(1) is invariant under U'f. If, therefore, a G-, is known, 
of which the integral curves of a given differential 
equation of the first order admit, this equation, written 
in the form (1), always admits of the extended G v 

Hence, we may also define an ordinary differential 



equati 

givei 

equati 

which 

equati 



tion of the first order as being invariant under a 

6 V Uf, when an integral-function 4> of that 

tion is transformed by means of Uf into a function 

itself an integral -function of the differential 

; that is, when a relation of the form (3) exists. 

59. We shall now show that a differential equation of 

the first order in two variables, which is invariant under 

a known G v may be integrated by a quadrature. 

Let the given differential equation be 

QfoSMO-0; (4) 

and Buppose (4) to admit of the & v 



Wf, 






..(5) 



We shall, for reasons explained in Art. 60, assume that 
S2 = is not the differential equation of the x 1 path- 
curves of the ffj, Uf. 

If (4) be written in the solved form 

X(x, y)dy-Y(x, y)dx=0, (6) 

and if its integral-function lie designated by u>(x, y), by 
Art. 16, o> must be a solution of the linear partial differ- 
ential equation of the first order, 






*&*< 



™> 



= 0. 



...(7) 



Moreover, since the family of integral curves w = const, 
is invariant, it follows from Arts. 40 and 58 that 



U(„),(, 



Zx 2y 



'»■(»(«;»)) (8) 



' 
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Now if <i>((u) be a certain function of « alone, ■£ will 
also be an integral- function of (G), anil U(<&) will depend 
upon <J" alone. For 



!T(*).&<») 



-1IV 






and m may be removed from the right-band member of 
the last identity by means of 

* = *((«), 
giving thus U(<&) as a function of ■£ alone. 

Since we assumed above that the curves w = e were 
not the always invariant path-curves of the 67 1 , Uf, the 
function W(w) in (8) cannot be zero: and we may easily 
choose 4> as such a function of w that U(^)= 1. For it 
is only necessary to determine •& so that 



dw 



= 1, 



$: 






!!'(,,)■ 



Since $ = const, represents the saint. 1 family of curves 
that w = const. does, let us suppose w so chosen from the 
beginning that U(a>) = l; that is, let us now designate 
by ui the function which we have just called Q. Then 
we have 







+ Y 






'dx 



^W-C+'S' 1 



'30! 



3»" 

3w 



X 



, 3(0. , 3(o , Xdy—Ydx 
Since the first member of the last equation is 
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a complete differential, the same must be true of the 
second member; that is, we have the 

Theorem," If a given differential equation of the 
first order in two variables 



Xdy-Ydx = 



admits of a known G v 

whose path-curves are not identical with the integral 
curves of the differential equation, then 



M= 



a>- n 



is an infetjrating factor of the differential equation ; 
and the general integral may be found by a quadrature 
in the form 

[Xdy-Ydx 

J X n -Y£ =const - 

"This theorem was first |jubli*hed by Lie in the " Verhandlungei 
der Gesellschaft der Wisj-enschaften x» L'hristiania," November 
1874. 

By Art. 52 the equation 

always possesses an integrating factor, M ; and if M Lie known, it 
follows from tlie developments in the test that it. is only necessary 
to choose £ or ti in 

in such wanner that 

1 .*, 

-v,- rj 

when the given deferential equation will he invariant under Uf. 
Although it follows from this that em'// differential equation ' 
the first order is invariant under an unlimited number of 6','s, wh 
we snenk of an invariant differential equation in this book, 
shall always mean one which is in varum t under a hiiHOi (?,. 
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Eji! ni f,t .:, 1. The differential equation 



admits of the &'„ 


W 


v'= 


For 


the € 


xtemlod transformation is 


found 


by forming. 


An 


"rfj7 ' 


,<*£ 
''£• 




which 


in this case : 




x v =x,£^0,iah 


Heuee 








Iff* 






By 

or by 


Art. 55, the 
nanus of fl. 


t-XJUl'Sjiii-ill 

= 0. We fi 


5 <Q) 


must be zero, either iduiit itnllv 



= shall ai 
xdy-(j/-.-i?)dx=Q; 
e this equation admits of xJ-, the integrating factor 



x.x-(y-xt).0 ?' 
and the integral is found to he, 

/ J "»-»T jl) ' to ~.O0D.fa 

„_> + "'. 



■, by Art. 51, 



We may at 
transformation of the 0\ 



fv thai t,j 



const, admits of the iiifiiiiti-iiu.'tl 



; as well as of the Unite transforma- 



■ 
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Example 2. The differential equation 

admits of the already extended S 
For here P'(fl) has the form, 

=^>fa(*yy'-x-f)+ , j^:(- T </y'- 3! -y % )-y''%:><.xy2/'-x-3 1 ) 



= 2xyy'-2x+xyy'- 



'5" 






and the condition Ui.it 12 = Bhall admit of Vfia satisfied. Now 
write the differentia! equation in the form, 
xydy— (x+3/")d£=0; 



ii intonating factor n 



e given by 



Hence the integral is 

J 2x i +xy t 



or, Art. 51, 



2j-- + .ci/" 



60. The method of integration of Art. 59 fails when 
For this case, we see 

and since the first of these ratios gives the direction of 
the tangent to the integral curves of Q = through the 
point (x, y), and the second ratio gives the direction in 
which the point (x, y) is moved by means of the ff„ Uf, 



78 



ORDINARY DIFFERENTIAL EQUA TIO.Y.S. 



the above identity states that the point (x, y) always 
moves on one of the integral curves of 17 = 0. Hence 
the invariant family of x 1 curves is none other than 
the family of =c' always invariant path-curves of the 
Gj — each curve being separately invariant. In other 
words, the G v Iff tells us nothing new with regard to 
the equation Q = 0, and hence Uf is, in this case, said to 
be trivial with respect to that differential equation. In 
Art. 59 the case that Uf shall Ihj trivial is always 
excluded. 

When Uf is trivial, since 

r_, 

we may write 

g= P (z,y)X, n = P {x,y)Y; 
so that Uf has the form 

*/•*», »>(*!+ Jf} 

Thus it is seen that every transformation of the form 

is trivial, with respect to the ordinary differential 
equation 

Xdy~Ydx = 0. 
In future, we shall always disregard trivial infinitesimal 
tran sf orm ations. 

SECTION III. 

Classes of Deferential Equations of the First Order 
whicli admit of a given 1 in Two Variables. 

61. Having shown that an ordinary differential equa- 
tion of the first order in two variables can be integrated 
by a quadrature when it admits of a known (?„ the next 
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step will be to find the classes of differential equations 
of the first order which admit of certain of the simpler 
(tj in two variables. 

From Art. 58 it is clearly immaterial whether we say 
that the family of so 1 integral curves of the given 
differential equation is invariant under a 6 U Uf, or 
whether we say that the differential equation itself is 
invariant under the G v Uf, or under the equivalent once- 
extended Q v U'f. 

62. To find oil differential equations of the first order 
which admit of a trandidhm along the x-axis. 

This translation is represented, Example 1, Chapter III. 

We see at once, that since £ = 1 and a = 0, 
, dt\ ,&P . 



^y- 



To find the most general invariant differential equation, 
we must, Art. 55, find two independent integral -functions 
of the simultaneous system 

dx dy dy' 



erJLll., 



1 " 



" 



It is evident that y and y' may be chosen as the functions 
designated as u and v in Art. 55 ; and hence the most 
general differential equation of the first order which 
admits of a translation along the ic-axis has the form 

S!(2/,i/)-0; 

or, if solved in terms of y', 
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In this equation the variables are separate, so that the 
integration may be accomplished by a quadrature. 

Analogously, it is obvious that all differential equations 
of the first order which admit of the G 1 of translations 
along the i/-axis 

have the form 

! ,'-r(x)=o ; 

and are immediately integrable by quadrature. 

63. To find all differential equations of the first order 
which admit of the O t of affine traimj'urmationa 

Here, since ^ = x and ij = 0, 

, dn ,d£ , 

<'r>4-»- 

Hence the extended G 1 is 

x -dx y Vy" 
and the simultaneous system to be integrated is 
dx_dy _ d/y' 
x ~ ~^y'' 
One integral-function is evidently y ; and, from 
dx dj/_ 
• if 
s found to be xy'. 



= 0, 




Hence the most general invariant differential equation 
of the first order has the form 

xy'-¥(y)=0. 
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Here again the variables are separate, so that the 
equation may at once be integrated by a quadrature. 

The general form of the differential equations which 
are invariant under the corresponding G 1 of afiine trans- 
formations along the y-axis, 

is readily seen to be 

j'-jFO) = 0. 

In this equation also the variables may he separated by 
inspection. 

64. To find all i.l iff en: nti.nl eqwUions of thejirtit order 
which admit of the G v 

Here, since ^ = x and i] = y, we find in the usual 
manner if = 0. Hence the simultaneous system to be 



dx dy dy' 



The integral- functions of this wystoi 
by v. and v, are obviously 



, usually 



Hence, the most general differential equation of the first 
order which iB invariant under the U x 

has the form 
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In this equation the variables are separate, so that the 
integration may be accomplished by a quadrature. 

Analogously, it is obvious that all differential equations 
of the first order which admit of the O l of translations 
along the i/-axis 

have the form 

y'-F(z) = 0; 


and are immediately integrable by quadrature. 


63. To find all differential equations of the first order 
which admit of the Q t ofaffine transformations 


v-4 


Here, since f = x and tj = 0, 


, dn ,dP . 


Hence the extended 1 is 


J 3x y Zy' 


and the simultaneous system to be integrated is 


dx dy dy' 


» B O: f 


One integral-function is evidently y ; and, from 


ds+^-O, 
x y 


a 8eeond is found to be xy'. 

Hence the most general invariant differential equation 
of the first order has the form 


DWitHi 


or !ty-F(j) = 0. 
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Here again the variables are separate, so that the 
equation may at once be integrated by a quadrature. 

The general form of the differential equations which 
are invariant under the corresponding G i of affine trans- 
formations along the 3/ -ax is, 



W'lh 



is readily seen to be 



y'-yF(x)=0. 

In this equation also the variables may be separated by 
inspection. 

64. To find all differ initial equations of the first order 
which admit of the Q v 

Here, since £ = x and rj = y, we find in the usual 
manner j/ = 0. Hence the simultaneous system to be 



integrated i 



dx_dy_ 



The integral -functions of this system, usualiy designated 
by u and v, are obviously 



Hence, the most general differential equation of the first 
order which is invariant under the G, 



<y 






has the form 



4-,f)-0; 
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or, when solved in terms of y\ 

This is the so-called general homogeneous equation of 
the first order. 

We may write the above equation in the form 



dy-F(^)dxc = 0; 



and the method of Art. 59, gives 

1 



Jf= 



»-»© 



as an integrating factor. Hence the equation written in 
the form 

dy-F^dx 



»-*® 



is exact, and may be integrated, by the method of Art. 51, 
by a quadrature. 

Example. Given 

(3x 2 y + 2y*)dy+x 3 dx=0. 

This equation, being homogeneous, belongs to the class of the 
present article. 

Written in the form 



€fy-T(l)dx=0, 



X 3 

it becomes, dy + 3 ^ + 2y3 ^= ; 

*■ dx 



so that ^3 
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*»+8*?j* +3p* T **+a 



the case ; ami ihe ireiieral integral i- found by Art. 51 to be 



of the general 



-, g- = win»fc 



65. It should be noticed that equatioi 
form 

(ax + by + c)dx — (a'x + b'y + c')dy = 0, (a,..., c'= const.) 
may usually bo made homogeneous by a proper choice of 
variables. For, let the new variables be 



(h, k = const.) 



x=x-h, y = % 
then the given equation becomes 

(ux + by+ak+bk-\-c)dx— (a'x+b'y-\-a'h+b'k+c')dy = 0. 
If, now, It and k are determined from the equations 
aJi+bk +c =0, 
a'k + b'k+e' = 0, 
the above equation in 5; and y will evidently become 
homogeneous, and thus may be integrated by the 
method of the preceding article. 

This method fails when a:a' = b:b'. Let us assume 
then 

a = n.a', b = n.b', (?i = const.) 

and the original equation becomes 

(ax-{-by+c)dx— {n(ax+by)-\- c'} dy = 0. 
Now introduce in place of y the new variable 

z=ax-i-by; 
and it is readily seen that the differential equation takes 
the form 

s + c 






in which the variables may be separated by inspectioi 
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Example. Given (2y - 


-x-l)dy + {2x-y + \)dx=Q. 


Here the equations 


ak + bk+e=0, 




a'k + b'Ji+if = 0, 


have the forms 


2A-ifc+l = 0, 




-k + 2k-l = Q; 


ho that 


i— J, k=}. 


Introducing the new 


variables 




5-*+ii 9"f~h 


the given differential eq 


u;uii.]i becomes 



(2j-i)Jj+(E-j)*i-0. 

integral .if this Iiiiinoi, f i:i)roiis ei]iiiiti<iii is found 
5" -«$+$'= const. ; 

•, the general integral 



obe 



x*-xy+2/ 2 +x 



66. To find all differential equations of the first 
order which admit of tha 0\ of rotations. 

A rotation around the origin is given, as will be 
remembered, by the G r 1 , 



a ?>x Zy 



Here $ = 






and hence 
dx 3 dx 



- H 



It is necessary, therefore, to find two integral -functions 
of the simultaneous system 

dx _dy _ dy' 
-y~ x ~ \ +y* 
From tlie first equation, which may be written, 
xdx-\-ydy = 0. 
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we see that one integral function is 
u = a?+y\ 
By the method of Art. 23, we now write 

& 2 + y* = c a , (c s = const.) 

whence x = \/c 2 — y 2 , 

dy _ dy' 
Jc 2 -y* 1+y' 2 
The variables are separate: hence by immediate in- 
tegration 



and 



= 0. 



sin -1 — tan -1 . 



(b = const.) 



But this may be written 



or, taking the tangent of both sides, the second integral 
is found to be 






x+yy' 
Thus the most general invariant differential equation of 
the first order has the form 



a?/ -y 
x + yy' 



-F<^+^) = 0. 



This equation may be written — -when F is put for 
F{x 2 +y% 

(x-yF)dy-(y+xF)dx = 0. 
The method of Art. 59 gives, as an integrating factor 
of all equations of this form, 

x 2 +y* 
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so that the above equation, written in the form 

(g-yF)<fy-(y+a?F) <fa = 

x 2 +y 2 

is exact, and may be integrated, by Art. 51, by a quad- 
rature. 

67. To find all differential equations of the first order 
which admit of the O x 

TTS 3/ V 

Here j/ will be found to have the value — 2y' ; so that 
the simultaneous system to be integrated has the form 

dx__ dy •__ dy' 
x~~ —y~~ — 2y'' 

Since the variables are here separate, it is seen at once 
that two independent integral-functions are 

2/' 

y 2 

We may write the second integral-function in the form 

xy' . 

xy.y' 
and since xy is itself an integral-function, we see that — 
must also be an integral-function. Thus we may assume 

xy' 
u = xy y v = -^-; 

so that the most general invariant differential equation 
of the first order will have the form 



nay assume 
letrically 



JJal 



and write the last equation 



/,Oy) . xiy-fjxy) . yilx = 0. 
Of course all equations of this form may be integrated 
by a quadrature ; since the method of Art. 59 gives as 
an integrating factor, 



Example. Given 

(# -yx l )dy + (t/ + xy 3 )dx^ 0. 
This equation may be written 

(1 -3y)zd;/-\-(\ +;iy)i/r/.r = Q, 
o that it ia seen to belong to the class of the present article, 
lence an integrating factor ia 

~2.ry' 
o that the equation 

s exact. The general integral is found in the usual way to be 



68. To find, all differential equations of the first- 
order which admit of the G l 

■> dy 

Proceeding as usual, we find for ij' the value 

4m$(x)el YK> ; 
so that the simultaneous system to be ini 
the form 

dx _ dy _ dy' 
- [*«*«" 



£(«). 



\MM* 



One integral-function is evidently 



A second may be obtained from 

dy _ dy' 



*)>*>' 



dy: 






Since x = const, is one integral of the simultaneous 
system, ij>{x) plays the rdle of a mere constant in the 
last equation. Hence, by a quadrature, a second integral- 
function is found to be 

The most general invariant differential equation has, 
therefore, the form 



y'-$(x)y-\},(x) = 0. 



This is the so-called f/enc/rui linear differential equation 
of the first order. Of course all equations of this form 
may be integrated by a quadrature. For the above 
equation may be written 

dy-{y l l>{ L x)-\-^{x)}dx^O; 

and by Art. 59, 

is an integrating factor, so that 
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must be an exact equation. By Art. .51 the general 
integral is found in the form 

y = J*«»-{\i,(x)e'l*«"'.az+const}. 

In an analogous manner it may be shown that the 
differential equations of the first order which are in- 
variant under 

J ' dx 

have the general form 

dx-{<t>(y)x+ty(y)dy = Q. 
This general equation, which, of course, may be in- 
tegrated by a quadrature by the usual method, is said to 
be linear in x, y being chosen as the independent 
variable. 






F.o'/iiple. Given 



1 



1+.Z 1 



1+ 



In tins linear equation the functions 

♦-TO**-- 

U<z)dr , 

Hence e' =V1+^, e 

othat fWA-i****- 



I 






(1+**)* 



+x*)t vr+^ 

Making these substitutions in the formula for the general 
integral of the linear wjimtion, we find 



r y-#-rWl+J?, 

i the general integral required. 
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69. It should be noticed that equations of the form 

y'-</>(x)y-\ls(x)y n = 

may be easily brought to the linear form. For, dividing 
by y n the equation becomes 

If now we put z = y 1 " n , 

so that y- n .^ = - =?, 

° ax 1—ndx 

the above equation becomes 

an equation which is linear in z. . 

Example. Given 

* X X 

The equation may be written 

o ,- , 1 i log# ~ 

i r 1 -y+-.y 1 — |-=o. 

Assuming, now, y~ l =z, we have 

• 2 dy = _dz 

y ' dx d£ 

so that the given equation takes the form 

dz 1 log x , x 
dx x x 

The general integral of this linear equation is found, Art. 68, 
to be 

z = cx+\ogx+l ; (c=const.) 

so that the general integral of the given equation is 

y-i = ex + log x + 1, 

or y=(cx+\ogx+l)~ l . 
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70. The types of differential equations which admit of 
given groups of one parameter, like those which have 
been discussed , Art. (52-68, may lie multiplied indefinitely; 
and in this fact may be recognized a part of the extra- 
ordinary fruitfulness of the Theory of Transformation 
Groups as a foundation for the Theory of Differential 
Equations. As we know, in order to find the differential 
equations of the first order which are invariant under a G l 

it is only necessary to find the value of i{ from the 
equation 

, dj_ ,d£ 

' ~ <l.r, y dx' 
and then find two independent integral-functions of 
the simultaneous system 

dx _dy _ dy' 
inn 
Moreover, we have shown, Art. 56, that if an integral- 
function u of the ordinary differential equation in two 
variables 

dx _ dy 

7"»' 

bo known, the second integral- function v can always 
be found by a quadrature. 

Practically, the it fore, it is only necessary to choose 
£ and i/ so that the ordinary equation 

7"T 

will have an integrable form, either in being an exact 
equation or in assuming one of the forms discussed, 
Arts. 62-6!), when all differential equations of the first 
order which are invariant under the given O v and which 
are therefore immediately integrable, may be fouml by 
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quadratures. For instance, if £ = %fi(xy) and i = yf 2 (xy), 
the above differential equation has the form 

fA[xy) . x dy -flxy) .ydx = 0, 
which, by Art. 67, is integrable by a quadrature. This 
gives us u ; and, by Art. 56, v may be found by another 
quadrature, ho that all differential equations of the first 
order which arc invariant under the G, 



Utec 
may be found by two quadratures. 

This method will, in general, give rise to a new class 
of integrnble differential equations of the first order 
in two variables. If desired, £ and jj might now be so 
chosen that the equation 



x_dy 



will belong to this new class. Then, of course, two 
quadratures will, in general, give us another new class of 
integrable equations, etc. 

71. It will be remembered that, Art. 55, the condition 
that an ordinary differential equation of the first order 
in two variables, 

shall admit of a £?,, 



a that the expression 



S-dx^''Zy' 



shall be zero, either identically, or by means of £2 = 0. 
Here, of course, U'f is put for the once-extended G 1 
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From this condition it is often possible to find the G l 
of which a given differential equation of the first order 
admits, especially whenever the form of the equation 
suggests the Q v 

For example, the equation 

is homogeneous in nil of its terms except, one. Since, by Art. 64, 
all homogeneous equations of the first order admit of the ff, 

j suspect that the above equation will admit of a G t 



we are led 
of the form 

The corresponding extended C, is 

and the condition that the given equatii 
under this ',', is that U\il) shall be zer. 



OJ^a. 



= shall be invariant 
identically, or by means 



offi = 0. That 

= — Aaxyy' - th.vyy' + 1 Qby'* + 3(6 - a}^ - 4(6 — a)xy>/ 

must be zero identically, or by means of ii = 0. 
Comparing this expression with tin 



^-ixyi/' + Sy 1 , 

we must attempt to choose h and u in such manner as to make 
the first expression equivalent to the second multiplied by a 
constant factor. It is only thus, in this case, that the condition 
of invariance can be satisfied, siuce the first expression cannot be 
zero identically unless « = 6 = 0, in which ease ('/"would vanish. 
If a represent any constant we see that we must liave, in order 
that 

3(6-o)y' 3 -j4o + 46 + 4(6-a)} J ryy + 166^sa(y 3 -4^y + 8^, 
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a + 46 + 4(6-a) = 4a, 



satisfied by 
ential equati 



it. contradictory, and may evidently he 
2; 6 = 1 ; a = \. Hence the given differ- 
adniits uf the G± : 

If the equations Fur determining <t and b had proved to be 
contradictory, it would, of course, have meant that the given 
differential equation did not admit of a G 1 of the form 



ey- 



=„M 






+by. 



In a manner similar to the above, it may be readily s 
the differential equation 



Uf.a 



■£+*% 



*f 



it 



72. The types of inferable different ml equations established, 
Arts, iil-WJ illustrate the fact, mentioned Art. 17, that every 
ordinary different in] equation of the first order lias one general 
integral. The rigid proof of this proposition is, as already stated, 
Art. 17, a theorem pertaining to the Theory of Functions; but a 
further illustration is afforded by the Fact that, when the variables 
■t- and y are connected hv an equat ion of the form 

Xdy- F(tc = 0, (!) 

we may always, by means of an infinite series, express y as a 
function of ,i: and one arbitrary constant. We shall not investigate 
the question as to whctln-r this series uhvays run verges or not. 

From(l) we have 

iiitly write it, 

•-/,(•.»> m 
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By differentiating (2) we find 



S+S-A 



for brevity, write this 

f-M',s) (3) 

differentiations of (3) we find, analogously, 



!/'-/■(',!!)■ 



Now let <j>(.r) be the general value of v ; and when we assign 
a particular numerical value a' () to ,r, let the corresponding value 
of y be designated by//,,. Here ;r u and i/„ are called the initial, values 
of .r and y. Then, by Taylor's Theorem, wo have 

y-+W + .R«„)(..-^) + *V )fcfl" + (4) 



general integral (.'>) eon tain* only min arbitrary constant,^ 

In Chapter X. we shall sse thai Hie genera] integral of a differ- 
ential equation of the m' i order may be similarly expressed by an 
infinite series. 

73. In the following examples of differential equations 
of the first order to be integrated, the test for an exact 
differential equation should first be applied. It will be 
remembered that the equation 

Xdy-Ydx=0 
is exact, if 
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and the integral may be found by a quadrature in the 
form 



\TJx-\{x+^\Ydx)dy 



■■ const. 



If the given differential equation is not exact, but 
belongs to one of the types of Arts. 62-08, it may be 
integrated, as already seen, by a quadrature. 

In ease the given differential equation does not belong 
to one of the types established, Art*. (>2-68, the method 
of Art. 71 should be employed to find the 6 l of which 
the equation admits. 

We give below a table of types of the most important 
of the simpler Gj in the plane, with the corresponding 
type of invariant differential equation. The reader will 
do well to re-establish for himself those types given 
below which were not established, Arts. 62-68. 

QfOUp of One Parameter, 



(.) w-% 



Type of Invariant Dip. rcntitil Equaliti; 

(i) »'-FM. 

It is seen that (3) includes types (1) and (2). 



w "/--£+»!■ 



.V 



«•-»({} 



Equations of the form (ii'.v + !>>/ + v.')dy~(it.v + b>/ + c)dj: = Q may 
usually be brought to the homogeneous form. See Art. 65. 



(e) ty— »g 



U«l 



(8) Vf, 



"V 



m^-w+i* 



The form y'-tj>(.r). y-^r[x)i/" = nn be rednead to this one. 
See Art. 69. 


<»)^"1+!| <»>y-*+*ri 


;i> 


(10) ff/„teg+,|£ (10) »',-F(f ' 


i- 


(ii) u/.^ +v ^. (ii) n(5 ?-»y)-o. 


(12) P/, J| + 2,* (12) *-»(£ 


>• 


EXAMPLES. 




(1) (y 2 -4jy-2,^)ary + (* 2 -42y-2/)<& = 0. 




(3) Cl+^«fa+«*(l--W-Ol 




.. vats+irrfjr ydx-.vdy 

(6) « I (^+y a + 2j;)<ic + 2ye'^ = a 

(7) (y-x)dy+ydx=<). 

(8) (3\/#y-;F)rfy+ytfc;=0. 


(-my). 


(9) xdy -<i/ + ■J3?+y 2 )dj:=0. 
(10) <jj+^)efc-(y-*)<te=0. 




(11) *oo.J^-(»ooi*-*)rff = a 




(12) (5y + 7^)rfy + (8^ + 10j;)(i7: = 0. 




(13) .crfi/-(j + V^^P)dr = 0. 

(14) (2j.y*~.i 3 )d'y+(y3-2y, r 2)^ = 0. 

(15) (^-2^ 3 )^ + Cv*-2^)^' = 0. 

(16) (Zy-x-l)dy + (2x-y + l)dx = 0. 

(17) (7#-3* + 3)o^ + (3y-7.r+7)(£i;=0. 

(18) \xdx+ydy){x*+f) + 3-dy—ydx=Q. 

(19) («£+**)d>+J«k-0. 




(20) (#*G^-tfV# + (^-3'S / ^+?)^ = 0- 
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(21) (*M+4gr)y<*r-+-<*y-l)«Kfcr-a 

(22)(.tV=+l)(^+y^) + (.^ + -^)(y^-':^) = 0. 

(23) {y+yjxy)d>: + {x + x-f^/)dy = 0. 

(24) ay{l+cut(.<y)l(.':ofy + //(lF) + ztfy-y<£*=ft 
(26) xdy -(,tiy + x + \)dx = 0. 

(26) (1 -:^) s rfy+y*/T^~e*tf.c=(,a:Wl -**)<&. 

(27) (l+^) c t c= (t an -V-^)^ 
(28)% + (y-^)^=0. 

(29) (1 -jtyfc-Cy+a^J'fo-ft 

(30) jrdy + (y-y s log:r)dtf=0. 

(31) 2ryrfy + (:r-y s )i£r = a 

(32) (l+«*)^+(j|~Wft 

(33) ooaj:dy + (sinj;+y-l)(iir=0. 

(34) (l-^ 1 )^-{jy + e(j^ ;! )d^ = 0. 

(35) Jy-2.ry(.ry-l)<&r=0. 

(36) (j/lof-x-1)ydx-xdy=0. 

(37) co8^ + {y»cos*0-Bi(iJc)-y}<iB = 0. 

(38) ydy + iy*- «M*)<fe*>0. 

(39) .^-(y + ^rf^O. 

The following geomctr-ii-a.] examples li-ad I nliiiiiry differential 

equation;) of the first uivli-r, wlik-h may be ivadily in teg rated by 
some of the foregoing methods. 

For convenience of reference hereafter, it may he noted that 
for a plane curve referred to rectangular coordinates, 




Subtangent = ; ; Subnormal =yy' ; 
Length of the perpendicular from oi 



n upon tangent: 



s'l+f' 



Length of (he perpendicular From orit'iu upon normal = ' ■ ■— ; 

Intercept of tangent upon x--\xis = y-xrf ; 

Intercept of tangent upon ^-axis = .r — —, \ 

Distance from the origin to the foot of the uorlnal = .s+yy'. 

(40) Find the curve whose subtangent is proportional to the 

abscissa (k times the abscissa) of the point of contact. 

(41) Find the curve whose subtangent is constant, and equal to a. 
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{42) Find the curve whose subnormal is emistiuit, and equal to 2«. 
(43) Find the curve in which the single between the raditm vector 

and the tangent is one-half the vertical angle. 
{44} Find the curve in which the subnormal is proportional to the 

»("■ power of the abscissa. 
(45)~Find the curve in which the perpendicular from the origin 

upon the tangent is equal to the abscissa. 
(46) Find a curve such that the area included between the curve, 

the axis of x, and an ordinate, is proportional to the 

ordinate. 



(4S) Find the curve in which the intercept of the normal upon the 
.s-axis is proportional to the radius vector. 

(49) Find the curve in which the intercept of the tangent upon the 

#-axis is proportional to the radius vector. 

(50) Find the curve in which the subtangent is equal to 

mj7 + «#. 

(51) Find all differential equations of the first order which are 

invariant under the (?, 



CHAPTER V. 

GEOMETRICAL APPLICATIONS OF THE INTEGRATING 
FACTOR OETHOGONAL TRAJECTORIES, AND 
ISOTHERMAL SYSTEMS. 

74. Is this chapter we propose to give some of the 
simpler geometrical applications of the integrating factor, 
Art. 59, of a differential equation of the first order in 
two variables. 

75. In Art. 59 it was shown that if a differential 
equation of the form 

o> 







Xdy-Ydx-0 


admits of the 


Gi 


, which : 


:s not trivial, 






w- 




then 




U-. 


l 

'A'„-rf 



is an integrating factor of (I). 

Suppose now that u>(x, y) — const, represents the x 1 
integral curves of (1); then by means of Uf each curve 
w = c passes over into the position of the adjoining curve 
w = c + Sc. At the same time every point of general 
position («, //) passes through an infinitesimal distance, 
Art. 29, */£' ! +i)-8t, of which the projections upon the. 
axes of coordinates are £at and tjSt. 
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Now draw the tangent to the curve a — c at the 
point (x, y); and lay off upon this tangent the distance 
*/A a +y 2 , of which the projections upon the axes are 




A' and Y r espectively. The two distances -J^+tfSt and 
•JX ij !- Y 2 determine a parallelogram of which the area, 
by a proposition of Analytical Geometry, is 

(Xn-Y&M, 



1 



a. 



But this parallelogram, if we neglect infinitesimals of 
an order higher than the first, is equal in area to the 
rectangle constructed upon the base *JX i -\-Y i with the 
altitude Ss, — S$ being the distance from the curve <a=e 
to the curve w — c + Sc, measured at the point a;, y. Hence 
we have 



Hence we see that if M is an integrating factor of a 
given differential equation (1), M is inversely pro- 
portional to the area of the rectangle, one side of which 
is the perpendicular distance, measured at a point of 
general position (x, y), between the integral curve through 
that point and the integral curve of the family at an 
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■infinitesimal distance from that one; while the other 
»ide of the reetavgle is the di.-iance +/X' 2 + F 2 , measured 
off' upon the tangent to tin- curve through the point {x, y), 
and from that point. 

76. Let us apply the above result to a simple example. 

It' equal distances, of length n, are laid off upon all 
the normals of a given curve 

^(x, y) = 0, 

the end points of the normals form a new curve. If, 
now, n varies, we find a family of m 1 curves whicli are 
called the, parallel curves of the curve \/r = 0. The 
differential equation 

Xdy- Ydx = (1) 

may always be integrated by a quadrature, if its integral 
curves are a family of parallel curves. For in this case 
the prrpi-'iidiruliiri list aiio- between twu adjoining integral 
curves is constant : so that, by Art. 75, 



Mm 



1 



must be an integrating factor. 

Hence, if it is known that the differential equation 
(1) represents a family of ce 1 parallel curves, 



is an integrating factor o/(l). 

Conversely, it is easy to see that i 



JX*+Y* 

be an integrating factor of (1), the distance between t 
adjoining curves must be constant, and the curves i 
parallel. 
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The qo 1 involutes of a given curve form a family of 
parallel curves ; and hence their differential equation may 
always be integrated by a quadrature. 

For example the involutes of the parabola 



are represented, as is shown in the Differential Calculus, 
by the equation 



Hence 



Z(x+Jx*-y)dy+dx=t>. 

if. , j_ 

*S4(x + +/x 2 -y) 2 + l 



must be an integrating factor of the above equation, as 
may be at once verified. 

77. An orthogonal trajectory is a curve which inter- 
sects at right angles each member of a given family 
of co 1 curveB. 

A family of x 1 curves, represented by a differential 
equation 

Xy'-Y-O (1) 

will evidently have go 1 orthogonal trajectories ; and 
their differential equation is readily obtained from (1). 
For, at any point of general position (.:•, y), the integral 
curve of (1) through that point is perpendicular to the 
orthogonal trajectory through the point ; hence, if y' be 

the tangential direction of the integral curve, , must 

be that of the orthogonal trajectory. Thus if we 

substitute in (1) -, for y', we obtain the differential 

equation of the oo 1 orthogonal trajectories of the integral 
curves of (1), in the form 

X+¥y' = (2) 

Reciprocally, the integral curves of (1) are the or- 
thogonal trajectories of (2). 
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Example. It is required to find the orthogonal trajectories of 
the hyperbolas 

xy = a. (a = parameter) 
The differential equation of these sc 1 curves is obviously 
xdy+yd,v=Q, 
or -jy + >/ = 0. 

Writing — ; in place of y', we find as the differential equation 
of the orthogonal trajectories 

or xdx—ydy=0. 

The variables are here separate, so that we find at once the 
integral curves 

3?—y i =c ; (c= parameter) 
which is also a family of hyperbolas. 

78. A family of do 1 curves in the plane is said to be 
isothermal when, together with their orthogonal trajec- 
tories, they form a network of infinitesimal squares. 

^ 1 1 IJ^ 












Ss 




a* 








*j 






If 1 

represent a family of 
trajectories will, Art 


r dy 

isol 
77 

Zdcc 


-Ydx-0 

iermal curv 
of course, 

+ H»-0,. 


(1) 

es, their orthogonal 
be represented by 

(2) 
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and both of the equations (1) and (2) may be integrated 
by quadratures by means of the geometrical interpre- 
tation of the integrating factor, Art. 75. 

For, if we consider any two adjoining curves of each 
of the families (1) and (2) which form a small square at 
the point (a*, y), the breadth, <Ss, of the strips enclosed by 
both pairs of curves is the same, since 6s is the side of 
the infinitesimal square. 



Hence 



M = 



*/X*+ Y*Ss 






an integrating factor of both (2) and (1). 

But if two ordinary differential equations of the forms 
(i) and (1) have a common integrating factor, this factor 
may be determined by a quadrature. For, if M be the 
common integrating factor, by Art. 52, M must satisfy 
the equations 

zmx zmy =q 

Zx Zy ' 
ZMY ZMX 



ty 



= 0; 



x d\agH 'd log M = 



(3) 



ZX_ZY 

ox Zy' 

„3logJf_„ 31ogJlf _ JdY ZX 

ox Zy " Zx Zy' 

From the last two equations '' J" and — ^~- may 
1 Zx Zy J 

be determined as functions of x and y\ and, if these 
quantities satisfy the condition of integrability, Art. 51, 
d_ ZlogM _ Z alogJtf 
Zy ox ~Zx oy ' ' 
we may find log M, or M itself, by a quadrature from 
exact equation 



these 
.rt. 51, 

(4) 

>m the 



106 ORDINARY DIFFERENTIAL EQUATIONS. 

If the above condition of integrability were not 
satisfied, (1) and (2) would have no common integrating 
factor ; and hence the families of integral curves would 
not be isothermal. Thus, that (3) shall give such values 

for - J*" — and — — - — as satisfy (4) is a necessary 

condition that (1) shall represent an isothermal family. 
This condition is also sufficient; for if (4) is satisfied, 
(1) and (2) have a common integrating factor — that is, 
the quantity designated as 3s above must be the same 
for both families of integral curves, and these integral 
curves form a net-work of small squares, or are iso- 
thermal. 

If (1) represents iin isntiii'nnnl family of curves, there- 
fore, the common integrating faetor M, of (1) and (2), 
may be found by a quadrature; and the equations (1) 
and (2) may be integrated by another quadrature each. 



Example ]. The differential equation 

epresents an isothermal family of curves, 
rajectoriea are represented by 

o that the equations (3) have the forms 






(5) 

For the orthogonal 



.,. BlosJ/_ 31ogif_ 



Hence 31ogJf =- -to 31ogif = z ty_ 

and it may be immediately verified that the condition (4) is 
satisfied. Thus (5) represents an isothermal family ; and the 
integrating factor of (5) and (6) is obtained from 



SlogJf— »{j^i'fa+^*} 
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. We fiiid 



and hence 



It may be at once verified that this is an integrating factor of 
(!i) and also of (6). Hence, from (5) ami (8) rw] ec lively, we find 
by quadratures 

— 3~ — . = const.. -^7 — $ — const, 
ar+y ar+y* 

as integrals. 

The first isothermal family is that of all eireles which touch the 
.'/-axis at the origin ; the second is that of all circles which touch 
the j'-aiis at the origin. 

Of course equations (.">) and (i>) might also have been integrated 
by the method of Art. 64. 

79. In the following examples, such differential equa- 
tions as represent curve-families consisting either of 
isothermal or of parallel curves may be integrated by 
the method of Arts. 76-78. It may usually be seen, 
from the geometrical meaning of the equation given, 
whether the orthogonal family will Ik; isothermal or not. 

Those ditfi' initial equations which represent orthogonal 
trajectories which are neither parallel nor isothermal 
curves may be integrated by Art. 73. 



EXAMPLES. 
Find the orthogonal tinj'-i I'.ik-.-i of the following eurve -families ; 

(1) The straight lines i/ = ajc. (a = paranieter.) 

(2) The parabolas y 2 = 4ax. 

(3) The circles **+f*a><A 

(4) The parabolas y* = 4a(x+a). 

(5) The ellipses '— j + p = l. (as const., 6 = parameter^ 

(6) The circles aP-Sax+y* -%at/ + a 2 =0. 

(7) The ellipses 3^*a***' (n = parameter.) 

(8) The circles **+$*+ OT-1-0 
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(9) The confocal conies , 2 2 + % = ^' (6 = parameter.) 

(10) The parallel curves y — « = <£(#), 

which result from translating the curve y = <f>(x) parallel to 
itself along the y-axis. 

(11) Apply the result of Ex. (10) to the case of the semi-cubical 

parabola 

2 A S3 

(12) Show that the differential equation of the orthogonal trajectories 

of the curves in polar coordinates 

F(p, 0, o)=0 
is obtained by eliminating c between the above equation and 

dO dd p dp u * 

(13) Find the orthogonal trajectories of the curves 

p — log tan 6+ a. 

(14) Find the orthogonal trajectories of the curves 

0-a=<t>(p\ 
which result from rotating the curve 

0=<f>(p) 

around a fixed point in the plane. 

(15) Apply the result of Ex. (11) to find the orthogonal trajectories 

of the circles which result from rotating the circle 

p = 6cos 6. 
around one end of its diameter. 



CHAPTER VI. 



DIFFERENTIAL EQUATIONS OF THE FIRST ORDER, 
BUT NOT OF THE FIRST DEGREE. SINGULAR 
SOLUTIONS. 

80. We propose to give in Sec. I. of this Chapter 
methods for integrating some of the simpler differential 
equations in two variables which are of the first order, 
but not of the first degree. 

In Sec. II. we shall sue that a differential equation of 
a degree higher than the first is sometimes satisfied by 
a function which is not a function of the " integral- 
function " of the equation. This peculiar function, 
equated to zero, constitutes what is known as a "Singular 
Solution" of the given equation. A simple method for 
finding the Singular Solution- — when one exists — of an 
invariant differential equation of the first order will be 
given. 



SECTION I. 

Differential Equations of a Degree Higher than the 
First. 

81. In Art. 55 it was shown that the condition that 
the differential equation of the first order 

n(x,y,y') = 
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shall admit of a given G, 

ia that the expression U'(Q) shall be zero, either identi- 
cally, or by means of fi = 0. 

It is clear that this condition is independent of the 
form of £2, and hence of the degree of the equation Q = 0. 
It will be borne in mind, however, that in order to apply 
the method of Art. 59 to integrate the equation £2 = by 
a quadrature, when it is known that this equation admits 
of a given Q,, U'f, it is necessary to solve £2 = in terms 
of y', in the form, 

Ay- 7,0. 

The algebraic solution of £2 = in terniB of y' is not 
always simple ; and in Gases II. and III. below we shall 
indicate methods by means of whicli that work may 
sometimes be simplified or avoided. 

82. Case I. Suppose that the equation 

Q(x,y,y-) = (1) 

may be solved, algebraically, in terms of y' in such 
manner that the resulting roots will be rational functions 
of x and y. Thus, if (1) is of the n th degree, it may be 
written 

(y'-H x < v)W-Mj°* y))-(y'-M x ' 2/»=°> •■■( 2 > 

where the lt ..., 0„ are rational functions of x and y. 

In this case, since (I) can be resolved into the linear 
factors in (2), (1) is called a "decomposable" equation. 

But (2) is satisfied by writing 

y'-^ifo 3/) = 0. &-$&, y) = 0,... y--i,,.(x,y)=0\...(Z) 

and if the general integrals of the n equations (3) have 
been found, by the methods of Chap. IV., in the form 

j-* 1 (a:,i/,c 1 ) = 0, y-^x,y,c i ) = 0, ... y-*„(x J y,c n ) = 0, 






« 111 

= 0.(4) 

if we 

istaiit, 
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the general integral of (1) will have the form 

{y-$ i (x,y,c- l )}{y-$ i (x,y,c 1 )},...{y-$ n {x,y,c n )} 

But equation (4) loses nothing of its generality if 

e the arbitrary constants all equal to one constant, 
say c. For, in order to find any value of y, it is necessary 
to equate to zero one of the ?i factors on the left-hand 
side of (4), which gives an equation of the form 

y-$i:(x,y,c) = Q (5) 

Now since c is an arbitrary constant, by giving c all 
possible values, the form (5) may be made to contain all 
the integrals which may be derived from the corre- 
sponding £ th factor of (2). 

Hence we find as the general integral of the original 
decomposable differential equation (1): 

-*,(», y, e)} ... {y-**C*,s,o)}-&. 

Suppose (2) to be of the second degree, of the form 

pM'+jW+^-o (6) 

(y-^)(y-y)=o, 

whence y' — -tf = 0, y' — y = 0. 

Integrating the last l»"u f'|u;\tk>iia we find 
y-~^ = 0, y-ce-=0. 
integral of (6) is 

(»-tP)<»-«?-* 

83. Case II. If the given equation 
Q(x, y, y') = 
can be readily solved with respect to y, in the form 

y = <p(x,y'), (7) 
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it is sometimes best to differentiate (7), regarding 
a variable as well as x and y, and substituting in tbe 
result y'dx for dy. A differential equation of the first 
degree between x and y' must result. Integrate this 
equation by the methods of Chapter IV., and eliminate 
if between its primitive and the equation 11 = 0. 

Example. Given y=xy' 1 + 2y'. 
Hence dy = tf*i* + ixtfty + bty, 

or, putting y'dx for dy, 

(y-y)</*+2(* ? , +iyy'-o. 

This is an example of Art. 6S ; and we find a 

? ' 

integrate the exact differential equati 

s tlits general integral of this equation, 
(y*- iflt- S (log y' -y') = const. 

The general integral of the first equation is to be found by 

eliininatini; y between that equation anil the last one. 

84. Case III. When the differential equation £2 = 
can be readily solved in terms of x, in the form, 

*-<K». 1O-0 TO 

it is sometimes best to differentiate (-S), regarding y' as 

variable as well as x and y, and substituting -'■■,- for dx. 

A differential equation of the first degree in terms 
of y and y' must result. Integrate this equation by 
the methods of Chapter IV., and eliminate y 1 between 
the resulting equation and £2 = 0. 







SINGULAR SOLUTIONS. 
Kxi i m/Ae. Given yy' i + : 2ay'— y. 

md ■i*- i if'>»-s , if<i!t- 



Putting for dx, -=( 



The general integral of this equation \syj/ = c. 
from the first equatii'ii, tin- L'l-ntTiil integral required is found to be 

85. An important equation of the form 

which is known as Clairaut's equation, and which may 
be integrated in a manner analogous to that employed 
in Case II., will be treated separately in the next 
Chapter. 

SECTION II. 
Singular Solutions. 

86. It will be remembered that in Art. 59 it was 
shown that if a given differential equation of the first 
order 

n<*.v.y')=o (i) 

admits of a known 6\ 

I the differential equation may always be integrated by a 
quadrature, provided that the infi.nitefimal transforma- 
tion Uf is not trivial with riMjard to £2 = 0: that is, 
provided that the path-curves of Iff do not coincide with 
the integral curves of fj = 0. 
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But now the question arises, in;iy not a limited number 
of path-curves of the G l coincide with particular integral 
curves of £2 = 0, when the G Y is not trivial ? 

It will be found that such may be the case. For, 
along curves which are at once path-curves of the G t and 
integral curves of £2 = 0, the value of y' given by the ff, 
must coincide with the value of y' given by £2 = 0. 
Hence, to find such curves we only need to substitute 



in £2 = 0, and the resulting equation 

o(x, y, |)-0 (2) 

will give the path-curves of the G 1 which are also integral 
curves of (1), if such exist. 



But it is easy to see that we may also find in this 
way the equation to a curve which is a path-curve of 
the tr t and which satisfies the given differential equation 
(1), but which is not a particular integral -curve of (1). 







XLXGUI.At! SOLUTKi.VS. 
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For it may happen that the family of integral -curves (1) 
have an envelope, and if so, it is clear that the equation 
to the envelope will satisfy the differential equation 
(1); for at any point on the envelope the direction of 
the tangent to the envelope is the same as that of the 
tangent to either of the two consecutive curves of the 
family, which, from the Differential Calculus, we know 
must coincide in that point. Hence the value of y at 
any point on the envelope will satisfy the differential 
equation ; and the equation to the envelope is called a 
" Singular Solution" of (1). Since at any point on the 
envelope two values of y given by (1) must coincide, 
it is clear that equation (1) must be of at least the 
second degree in y' in order that the integral-curves 
may have an envelope. 

But now the family of integral-curves of (1) is in- 
variant under the transformation Vf\ hence it is clear 
that the envelope of the family, if one exists, is an 
invariant curve of which the points are interchanged 
by means of the transformation Uf. In other words, 
the envelope must be a path-curve of the G v Uf, of which 
(1) admits. To find this particular path-curve, we only 

need to substitute ; for y' in (1); and the resulting 

curve, or curves, must, as we saw, be those curves in the 
plane for which the values of y given by the differential 
equation (1), and by the O v are the same. Hence, we 
find by this method the .singular solution of (I), if one 
exists ; and, occasionally, as indicated above, a limited 
number of particular integral -curves of the differential 
equation, which arc, at the same time, path-curves of the 
G y 

I'lic particular integral-curves may be distinguished 
from the singular solution by the fact that the equation 
to a particular integral-curve may always be obtained 
from the general integral of (1) by assigning a special 
value to the constant of integration, while the equation 
to the singular solution cannot be so obtained. 
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If the equation (2) breaks up into factors, each factor 
must be separately examined to see whether it i 
particular integral or a singular solution. 

It may be remarked that £ ard q cannot both be zero 
along the enveloping curve of an invariant family; for, 
as we saw above, the points of the envelope are inter- 
changed when the curves of the invariant family are 
interchanged, whereas all points on curves along which 
£=jj = 0, are absolutely invariant. 



Example 1. Given 

y' V cos 3 u - 2^ 
This equation ia homogeneo 



y sin^a +y - — .^sin 9 *! = 0. 

, and hence is invariant under the U 



v-4^4 



Thus, according to the al>uve theory, we lind the singula! 
if one existB, by substituting in the above equatio 
We obtain, after an obvious reduction, the two equatio; 

The general integral in fuumJ by -Art. . r >9 to be 
^ + y 2 -2^ + c 2 cos 3 a = 0; 
and hence we see that 



which may be obtained from the general integral by assigning t< 
the arbitrary constant c the value zero, is a particular integral ; 

3* = (*+&ax\ 



which may be written 



must constitute a singular solution, sinee these equations satisfy 
the given differential equation, anil cannot be obtained b\ assigning 
any special value to e in the general integral, 



SIXHULMi SOIA'TIOXS. 



E.'-amplc 2. We know, Art. 71, that the differentia I equation 



admits of the <?„ 



y 3 -4^/+% 2 =o 



To find the sinuiiliu- »i<liil'i<>n, if uiH' exists, uv niilist il uli 

in the above equation, -#. Hence 

27y 3 -4rY=0, 

The general integral is 

and hi-ik-e we .sec that // = <> is ;i |';nt I^iiIlli - integral, while 

4*> - 
is the singular solution. 

Kcample 3. The differential equation 

being free of //, admits of the (/, 



Uf: 



Since for tbia O v &y= 1, S# = 0, we have 

Therefore we write the above equation 

(l-^)-^ = 0; 
and, substituting for#' the value cc, we fii 






This is a singular solution, since the differential equation possesses 
the general integral 

The geometrical me-niiiug of the singidai solution in connection 
with the go 1 curves represented by the general integral is obvious. 
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EXAMPLES. 

Integrate the following differential equations, finding the singu- 
lar solutions, when such exist, as well as the general integrals. 
For types of invariant equations, see Art. 73. 



(l)/ 2 -5y' + 6=0. 

(3) ^y 2 +3^/+2y 2 =0. 

(5) y*+2ary"-yV-2a?yy 

(7) y-(l +*)y". 

(9) 3ay 2 -6yy' + #+2y=0. 

(ii) y=-^y+^y 2 . 

(13) y - a/ + bi/\ (Art. 83.) 
(17) yV+^-y- (Art. 84.) 

(19) #y 2 =i+/ 2 . 

(21) ^v 2 +2)=2yy+^. 

(23) ay 2 -2#/ + 4#=0. 

(25) 4y 2 o:(ar-a)(ir-6)={3^ 2 - 

(26) avy 2 -4^y+^=o. 



(2) y 2 -«y=o. 

(4) /(/+#)=#(#+#). 
= 0. (6) y' 2 + 2yy'cot#=# 2 . 

(8) yy' 2 + 2^-^=0. 
(10) 3yy 2 -2^/+4^ 2 -^=0. 
(12) #y' 2 - 2yy' + ax=0. 
(14) x*+y=tf 2 . 

06) #=y 2 +2/ 3 . 

(18) a:=y+log/. 
(20) my — nxi/=yi/ 2 . 

(22) yy 2 +(^-^)y=^. 

(24)y*=4y(^y-2^) 2 . 
2.r(a + 6)+a&} 2 . 

(27) y' 2 +2^y=4a%. 
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RIOCATI'S EQUATION AND CLAIRAUT8 EQUATION. 

87. We propo.se in this Chapter to make brief mention 
of two important historical differential equations of the 
first order, which are known respectively as Kiecati's 
equation and Clairaut's equation. The treatment of 
these equations sketched here will be the same as that 
of the ordinary text-bonks : for, although both equations 
maybe treated most advantageously from the standpoint 
of the Theory of Transformation Groups, that method 
would require a more extensive knowledge of these 
groups than it is advisable to give in an elementary 
text -book. 

SECTION I. 

RiccaU's Equation. 

88. This equation takes its name from that of an 
Italian mathematician, Riccati, who was the first to 
discuss it. 

The general form of Riccati 's equation is 

g-^W.s'-V-W.j-xW'O; (i) 

but this equation can only be integrated in a few special 
cases : and the particular form usually discussed is 

.4. 



'di—y+W' 



..(2) 
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where a, b, c, n, are certain constants- By introducing 

into (2) the new variables s = x a , w=-j^, that equation 

takes the form 

- 1 -+ u 2 = z a (3) 

an a a v ' 

a special form of (1), which is itself sometimes designated 
as Riccati's equation, instead of the more general equa- 
tion (1). 

The equation (2) happens to be much more easy to 
discuss than equation (3): and it is easy to deduce from the 
condition that (2) shall be integrable the condition that 
(3) shall also be integrable. We shall first show that 
equation (2) is always integrable when n = 2«; then we 
shall show that the integration of (2) may always be 

made to depend upon this case when —^ — is a positive 

integer. 

89. Case I. The equation 

Jot 



dx 



-ay + by z = cx".. 



..(2) 






is always inter/ruble when n = 2a. 

Let us assume y = x a v ; then (2) becomes 



and if n = 2a thi 



dx 
i equation becomes 



dx 

dv 



-bv s => 
dx 



..(3) 



In this equation the variables are separate, 
it may be integrated by a quadrature. If y 



that 
If we return to 
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the original variables, we find the exact differential 
equation 

bif—cx 2 " 
of which the general integral is given by 



(4) 



2(MV 



Ce 



-1 



(-bc)*&\ 



according as b and c have the same or opposite signs- 
C being the arbitrary constant of integration. 

90. Case II The equation 






,..(2) 






Let us assume 



y=A+- 



tb 

: 



where i is a constant to be determined. The equation 
(2) is easily seen to take the form 

~aA+bA^+(n~a + 2bA)~ + b~- X ~ s 1 -^ = cx«. ...(5) 
V\ Vx Vi dx 

We shall choose A so that the constant in this equation 

shall be zero; thus we may choose A = r, or A=0, so 

that there are two subdivisions for this case of the 
problem. 
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(1) If, in the first place, 4=t, the last equation, after 
a slight reduction, takes the form, 

x < ^-(a+n)y 1 +cy^ = bx n (6) 

It is seen that (6) is of the same form as (2), except 
that b and c have changed places, and a has been 
changed to a +n: and this change was brought about 
by substituting in (2) 

a , x n 

in place of y. 

Hence, if in (6) we make the substitution 

a+n , x n 

it is clear that (6) will take the form 

x < !g-(a+2n)y i +by ; *=cx» (7) 

where b and c have again changed places, and a + n has 
become a+2n. 

Thus, if X successive substitutions of the above forms 
are made in the equation (2), that equation will take 
either the form 



or the form 

x^-(a+\n)y x +by x * = cx n , (9) 



Av\ 



according as X is odd or even. 

But by Case I., the equations (8) and (9) are in- 
tegrate if 

n = 2(a+Xn), 



taocAwrs equation. 



(2) Secondly, let us assume A=0. Then (2), by 
means of the substitution 



a readily seen to take the form 



dx 



(n-a)y l + cy 1 2 = bx", 



..(10) 



an equation which is identical with (6) except that a 
has become — a. If the preceding series of substitutions 
are now made, the final result will be found to be the 
same except for the sign of a. Thus the equation (2) 
will be integrable when 

n + -2a , 



Combining these results we see that the equafiov 

x-^~ay+by 2 =cx n 

is integrable whenever —^ is a positive integer. 

From the nature of the substitutions employed in 
the above two cases, it is clear that the general integral 
of Riccati's equation, when that equation is integrable 
by the above method, will be given in the form of a 
finite continued fraction, the last denominator of which 
is to be found by a quadrature. 

91. We found, in the last article, as a condition of 

integrability, that ~" should be a positive integer, 
say X. 2n 
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If we assume — ^ = X, from (1) Art. 90, we have the 

series of substitutions 

a , x n 

a+n , x n 

a+2n , x n 

a+(X-l)n , x n 

*-* IT- + £ 

where /* has the value b or c, according as X is odd or 
even. 

From these equations we have 

a x n 
y ~~b a + n x n 



c ^+..., (id 

the last denominator of the finite continued fraction 
being 

a + (X-l)n x n 

The value of y\ is to be determined by a quadrature 
from one of the equations (8) or (9). These equations 
may now be put into exact forms, analogous to (4), 
writing a + Xn for a : 

cy x 2 —bx n » \ / 

and 

«^dy k -(a+Xn)y^-t < fa +<tfttX .. 1<to _ 0> (13) 
by\ —cx n 

X being supposed odd in (12) and even in (13). 



If now 1 



i + '2a_ 
2m " 



2n-a , 



-■He 



it is easy to see that y will have the value 



...(H) 



where the last denominator is 

(\-Y)»-, 



Also, j/n is to be found from one of the following exact 
equations, which result from (12) and (13) by changing 
a into —a : 

^-dyx-ftft-q)^^— ifa +a A,— lrfg . = (T5) 



a^-'dyx-iXn-atytpP* 



'dx = 0, ...(16) 



X being odd in (15) and even in (16). 

Thus, when — ^ is a positive integer, (11) in coi 

nection with either (12) or (l->), according as X is odd c 
even, will represent the required general integral. 
n + 2a 
2a 

with either (15) or (16), according as X is odd or even, 
will represent the required general integral. 

92. By making use of new constants, the equation (3) 
which is itself sometimes designated as Hiecati's equation, 
may obviously be written 

-r ; +ow 2 = es* n (17) 
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If, in place of z 

pendent variables x 



we introduce the new inde- 
= ux, (17) becomes 



y+bf--- 



But we know that (18) is integrable when 
(m+2)±2_ 
8(«»+2) "*• 

where \ is a positive integer. This is therefore the 
condition that the special form (17), of Riccati's equation, 
shall be integrable. 

Making use of the negative and of the positive signs 
" i the above condition, we find 



and 



-4X 

•2\-V 

-4(X-1) 
2\-l " 



..(19) 
..(20) 



By changing, in (20), the integer X into X + l, which 
is obviously allowable on condition that X may assume 
the value zero, as well as any positive integral value, 
(20) may be written 

..(21) 



-4X 

= 2\+r- 



Here, if X = 0, m = 0; and since for X = in (19) we 
also have m = 0, it is clear that X may admit of the same 
series of values in (19) as in (21). 

Combining these results, we see that Riccati's equation, 
in the special form (17), w hilegrable -whenever 
-4X 
m= 2T±T 

X being zero, or some positive integer. 

When the negative sign is used in the last equation, 
the general integral is given by (11) in connection with 
(12) or (13) according as X is odd or even. When the 
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positive sign is used, the general integral is given by 
(14) in connection with (15) or (16) according as X is 
odd or even. 

Example. Given the equation 

£-"—-♦■ m 

This is a wise (if equation (i7). By substituting ,//.'■ for «, the 
equation takes the form of (18), 

^-f-JrWfcfH (23) 

The condition of iutegrability (19) 

-£* < 19 > 

or A=2. 

Hence, the integral of (23) if given by the equation (11) in 
connection with (13). Here we have 

a = l, X = 2, n=-%, a + n\=-i, b=-l, c = 2 ; 
hence (13) becomes 

-ft 1 -to * 

This is an equation of tbe foim (4), where the a, 6, and c of that 
equation have the reactive values 

-J, -1,2- 

Thus, since 6 and e have opposite si^n*, the integral of the last 
equation is 

y 2 =s'2x - *tan(C+ 3^2 j: - *). 
This value of .y 2 substituted in 

'-f+rsr? <"'> 

gives the general integral of (23) ; and if in that result we restore 
to y its original value «.r, we find the general integral of (22). 
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SECTION II. 
Clairaut's Equation. 

93. The equation of the form 

y = xy' + <j>{y') (1) 

is generally known as Clairaut's equation. Although an 
equation of the first order, it is not usually of the first 
degree. 

Differentiating (1), regarding y' as a variable, as well 
as x and y, we find 

J,'-j,'+(.H-f(y'))^'; (J) 

from which folIowB either 

dx 

or B+KlO-0 (3) 

From the former of these equations follows 

y' = c, (c = const.) 

so that, from (1), the general integral must have the 
form 

,y=<^+0(<>); (4) 

and that this is correct may be immediately verified by 
differentiation. 

But now, if we eliminate y between (3) and (1) we 
obtain a relation between x and y which satisfies (1) 
also, and which is therefore a solution of the equation. 
But this solution will obviously not contain an arbitrary 
constant, nor will it be included in the general integral (4). 

It is easy to see that this is what was designated, 
Art. 86, as a singular solution of (1) ; for the equation 

y = cx + </,(c) (4) 

represents a family of cc l straight lines. If they have 
an envelope, it will be found, as is well known, by 
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eliminating c between the above equation and the 
equation obtained from the above by differentiating it 
with respect to c, 

0*(B+#'(c) (5) 

But the result of eliminating c between (4) and (5) 
must be the same as the result of eliminating y' between 
the two equations 

y=xy'+<j>(y'), 

and hence the curve represented by the resulting equation 
will be the envelope of the family (4) — or a singular 
solution of the differential equation (1). 

Of course the method of rinding singular solutions by 
differentiation as here indicated might be employed in 
all cases, instead of the method of Art. 86 ; but by this 
method we usually find too much — not only the envelope 
of the curve-family, if one exists — but various other loci 
which may exist, composed of multiple points, cusps, etc. 

The method of differentiation is generally the most 
simple for finding the singular solutions in the case of 
Clairaut's equation; since, of course, there can be no 
multiple points or cusps on one of the straight lines (3). 

It is clear that a complete primitive representing a 
system of so 1 straight lines will always give rise to a 
differential equation of Clairaut's form— the singular 
solution of the equation being the curve to which the 
straight lines are tangent. 

194. A more genera! equation of a form similar to (1) is 
v-*+W)+<Ky) (6) 
Differentiate, regarding y' as a variable as well as x 
and y ; hence 
1: 



! 



-WHW-W+fto')]^. 









m 
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But thia equation is linear in x, and may be treated 
by the method of Art. 68. If the general integral of (7) 
has been found in the form 

Q(x,y',c) = Q, 
the elimination of y' between this equation and (6) will 
give the general integral of (6). 

Example 1. Given 



j-«y+jp 


(8) 


Thia is an example of C'lairaut's equation 


. Differential int.', we 






Trom d A = ° 




a 1 -', 




e general integral is seen to be 




y=cx+™. 




*om x — n=0 




: have y'= -y - ; 





and this value of y, substituted in («) gives as a singular solution 
y i = imx. 
Hence we see that the singular solution is the equation to a 
parabola, while the ifeniM'ii] inti-griil re presents its oo ' tangents. 

Example 2. Given 

x+tf=ay*. (9) 

This is seen to be an equation of the form {6). Differentiating, 
we find, after eliminating y, 



or, corresponding to (7), 

■fa » if 






GLAIRAUTS EQUATION. 
The general integral of (10) is, by Art 68, 

^ = 7r+F ,0+alos(3 '' + ^ r:i ^ 71)i; (n) 

and the elimination of if between (11) anil (I'O will give tlie general 
integral required. 



Integrate the following wniatimis (l)-(5) by Sec. I. : 



pi) *y-%-j)y V* 



(e) y=^y+/-y s . 
(io)y-(*-i)y-y». 

(12) (y-^')( a /-6)=« 

The singular solutions, as well as the general integrals of the 
differential equations to which the following gi-oitn.-l;ric;i] problems 
give rise, are to he found and interpreted. For geometrical for- 
mulae, see Chap. IV., Examples. 

(13) Determine a curve such that the sum of the intercepts made 

by the tangents on the axes of coordinates shall be constant 
and equal to a. 

(14) Determine a curve such that the portion of its tangent inter- 

cepted between the axes of x and // shall be constant and 
equal to a. 

(15) Determine a curve such that tlie area of the right triangle 

formed by its tangent with the axes shall be constant, and 

(16) Determine a curve such that the projection upon the axis of y 

of the perpendicular from the origin upon a tangent is 



CHAPTER VIII. 

TOTAL DIFFERENTIAL EQUATIONS OF THE FIHST 
ORDER AND DEGREE IN THREE VARIABLES, 
WHICH ARE DERIVABLE FROM A SINGLE PRIMI- 
TIVE. 

95. In this chapter we shall indicate how the integra- 
tion of an ordinary differential equation in three variables 
of the form 

P(x, y, z)dx+Q(x, y, z)dy+R(x, y,z)dz = 

may, under certain conditions which we shall develop, 
be made to depend upon the methods given in Chap. IV. 
for the ordinary differential equation of the first order 
and degree in two variables. 



The Genesis of the Total Differential Equation in 
Three Variables. 

96. In Chap. I. it was seen that an equation of the 
form 

Q(x, y, c)=0, (c = const.) 

when treated as a complete primitive always gives rise 
to an ordinary differential equation of the form 



X{x,y)dy-Y(x,y)dx = (\ 
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Similarly, if the equation in three variables, 
F(x,y,z, c) = 0, 
is given, wo find by differentiation 



&c 



Zz 



which, when c has been eliminated by means of F = 0, 
may be written 

P(at, y, z)dx + Q(x, y, s)dy+R(x, y, z)ds = 0. .,.(1) 

Equation (1) is called a total ditti-nmtial equation — 

the word total being used in contradistinction to the 

word partial in the definition of a partial differential 

equation in three variables, Art. 15. 

If the equation 

F(x,y,z,c) = 
be solved in terms of C in the form 

Q(x, y,z) = c, (2) 

we find, by differentiating (2), 

20 , , an. 



dQ = 



dx 



r ds 



= 0. .. 



...(3) 



The equation (3), which, for obvious reasons, is called 
an exact differential equation, must of course be equi- 
valent to (1), since Q = c is equivalent to F = 0. Hence, 
when an equation of the form (1) is given, if it is to 
be reducible to the exact form (3), certain conditions 
must hold. That is, there must obviously exist a 
function /i.(x, y, z) such that, 
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we obtain from (4), 
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Multiplying the first of these equations by R, the 

second by P, and the third by 0. we $&& && the 

condition that (1) may have a general integral of the 
form (2), 



SECTION II. 



Integration of tlie Total Differential Equation in 
Three Variables. 

97. We saw in the last section that the condition (5) 
must be satisfied, in order that the total equation (1) 

Pdx + Qdy + Rdz = 0, (1) 

may be derivable from a primitive of the form 

Q(x, y, s) = const. 

It is clear that that condition will be satisfied if the 
variables in (1) can be separated in such manner that 
P, Q, and R contain only the variables x, y, and z, 
respectively; and the general integral of (1) will, 
that case, obviously be given in the form 

JP (as) dx + JQ {y)dy + JiJ (s) dz = const. 
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Example. Given 

yz dx + xz dy + xy dz = 0. 
The variables nuiv here lie siMiaviited In 1 JivMing by xyz ; and 
we find 

xyz' 
The general integral is, therefore, 

log x + log y + log 2 = const., 
or xyz=c. (e = conat.) 

98. The equation (1) may sometimes be rendered exact 
by an integrating factor which suggests itself. For 
instance, the equation 

zydx — zxdy— y*dz = 0, 
for which the condition (5), Sec. 1, is satisfied, becomes 
exact when multiplied by the factor — j, We then have 
ydx — xdy 



ztf 
= 0, 



i 



of which the general integral is obviously 
— log z = const. 

99. If, however, the variables in (1) cannot he separated 
by inspection, and no integrating factor suggests itself, 
the usual method for integrating (1) — supposing the 
condition of integrability to be satisfied — is as follows : — 

Since the condition (5), Sec. I., is satisfied, a general 
integral of (1) of the form 

Q(x, y, z) = const (2) 

exists, which, when totally dili'rivntkted, must give rise 
to an equation equivalent to (1). Suppose that one of 
the variables in (2), say s, is temporarily regarded as 
a constant ; then the equation resulting from totally 
differentiating (2) will have the form 

Pdx+Qdy = (6) 
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Now the general integral of the ordinary differential 
equation in two variables (6) will clearly include the 
general integral of (1), if in place of the arbitrary 
constant of integration an arbitrary function of z is 
introduced. In order to determine the form of this 
function of s, it is necessary to differentiate the general 
integral of (6), considering z also as variable, and com- 
pare the total differential equation thus resulting with 
(1). This will give rise to a second ordinary differential 
equation for determining the arbitral'} - function of z. 

The choice as to which of the three variables is to be 
regarded as a constant will be determined by the form 
of the resulting equation (6). It may sometimes he 
easier to integrate, by the methods of Chap. IV., one of 
the two equations 

Pdx+Rdz = 0, Qdy + Rdz = 0, 
which result from considering y and x respectively as 
constants, than to integrate (6). 

Example. Integrate the equation 

(yd.v+ zdy){b - z)-\-n-ydz = Q. 
Here the condition (r>), Boo. 1., is found to be satisfied. If we 
assume z to be constant, as in this case is most convenient, the 
term xi/dz vanishes, so that the jjiven equation, after dividing 
by (b-z), becomes 

i/dx+xdy = 0. 

The integral of this ordinary equation in two variables is 
xtf = coast. = <j>(z). 
Ditfi'i'L-iitialiiiy, ivo find 

ydx+xd>/--^dz = 0. 
In order that this equation may he equivalent to the first one, 

dz b~£ 
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Here the 






Beparate, so that an immediate integration 

««)=«(,-»). (0-OU.t) 

The requiml ^eTieral integral is, therefore, 

100. We shall give a method, baaed upon geometrical 
considerations, by means of which the total equation (1) 

P<lx+Qdy + Rdz=0 (1) 

may, when the condition (5) of the last section is 
satisfied, be integrated by integrating one ordinary 
differential equation of the first order in two variables. 

Since (.5) is satisfied, (1) has a general integral of 
the form 

Q(x,y,z) = c; (2) 

and (2) represents x 1 surfaces in space, called the 
integral surfaces of (1). If we cut these surfaces by a 
family of co 1 planes, say," 

z = x + ay ; (ra = const.) (3) 

then for each value of a we obtain co 1 curves of inter- 
section of one of the planes with the oo 1 surfaces (2) ; 
and these curves are represented by a differential equa- 
tion in x and y. To find this differential equation, we 
only need to eliminate s and dz from (1) by means of 
(3) and of 

dz — dx + ady ; 
giving the differential equation in the form 

<p(x, y, a)dx + y}y(x, y, a)dy = (4) 

If, now, (4) has been integrated, by the methods of 
Chap. IV.— tt being an arbitrary constant — we may 
easily find the oo 1 surfaces (2), since we know their 
go 3 curves of intersection with the planes (3). For the 
oo l curves of intersection which paws through one point 
on the axis of the family of planes (3) will in genera! 
form one of the integral surfaces (2). 
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Now a point on the axis of the planes (2) is evidently 
determined by 



(* = const.) 



and if the general integral of (4) be 

W(x, y, «) = const., 



..<5> 






in order for the curves (5) to pass through the point 
y = 0, x = k we must have 

W(x,y,a)=W(K,Q, a) (6) 

When a varies, (G) represents the ec 1 curves through 
the point y = 0, x — k; and if k also varies we obtain 
successively the oo 1 curves through each point on the 
axis of (3). That is, if by means of (3) we eliminate 
a from (6), we obtain the integral surfaces required in 
the form 

Thus the complete integration of (1) has been accom- 
plished by integrating one ordinary differential equation, 
(4), in two variables. If the constant a happens to 
factor out of (4), some other family of planes must be 
used in place of (3). 

This method is theoretically better than that of Art. 
99, since only one differential equation in two variables 
has to be integrated; but the differentia] equation (4) is 
often more difficult to integrate than are equations (6) 
and (9) of Art. 99. 

Example. Given 

{y + z)dx + dy-\-dz = Q. 

This equation evidently satisfies (5), Sec. I. ; and if we write 
the equation (4) becomes 
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This is a linear equation, with the general integral 

Wfa y, a) = «*(y + f^) =c, (c=const) 

Hence equation (6) has the form 

K' + lfiM 0+ i*i)-° s 



3 — X 



or, writing for a, 

<.. j*+3» _+ «-y =0> 

y+3-# y+2-o? 
that is, e*(y + z) = const. 



EXAMPLES. 

Integrate the following ordinary differential equations in three 
variables, after verifying that the condition (5), Sec. I., is satisfied: 

(1) (y+z)dx+{z+x)dy+(x+y)dz=Q. 

(2) xzdx+zydy=(y 2 +x 2 )dz. 

(3) (x-%y-z)dx+(2y-Zx)dy+(z-x)dz=0. 

(4) ay 2 z 2 dx + bz*x*dy + cx 2 y 2 dz = 0. 

(5) (y+aYdx+zdy—(y+a)dz=0. 

(6) (y 2 +yz)dx+(xz+z 2 )dy+(y 2 -xy)dz=0. 

(7) (2^+2^+2^ 2 +l)c^+c?y + 22^=0. 



CHAPTER IX. 

ORDINARY DIFFERENTIAL EQUATIONS OF THE 
SECOND ORDER IN TWO VARIABLES. 

101. In this chapter wc propose to develop a theory 
of integration for ordinary differential equations of the 
second order in two variables analogous to that developed 
in Chapter IV. for ordinary differential equations of the 
first order. 

The linear differential equation of the second and 
higher orders will be treated separately in Chapter XI. 



SECTION I. 

Exact Differential Equations of the Second Order. 

102. If an ordinary differential equation of the second 
order of the form 

&(x,y> y', y")=o 

be given, we know that the complete primitive, or 
general integral, is an equation involving two inde- 
pendent arbitrary constants, c v c 2 , of the form 
^ l (x,y,c v c i ) = 0. 
It may be shown by means of the Theory of Functions 
that if the complete primitive of = be written in the 
form 

y— W{x > e v e s ) = 0; 
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y-w(x, Oi, a 8 ) = 
be a second equation, which, when treated aa a e 
primitive, gives rise to the same. differential equation of 
the second order, 12 = 0, then it must always be possible 
to choose the a v a t as such functions of c 1( c 2 , say 

that W(x, c v c a ) = w(x, Xj, \g). 

If the above complete primitive l 9' i = (( be differentiated, 
an equation of the form 

^i( x > y> y'< c u C i)—Q 

will result, from which, by means of ^ = 0, c L and c 2 
may be successively eliminated, giving rise to two inde- 
pendent differential equations of the first order of the 
form 

*ifa. y< y'< "!) = 0, $ 2 (x, y, y\ c 2 ) = 0. 

The elimination of y' between $ 2 = and $ a = would, 
of course, give ^ = again. 

Now let $j = be again differentiated, and c, be 
eliminated from the resulting differential equation of the 
second order by means of $ 1 = (). By this means we 
must obtain tin: given differential equation of the si 
order, Q = 0. This last equation must also, of course, be 
obtained by proceeding similarly with * 2 = 0. 

The differential equations of the first order, 3^ = 0, 
$2 = 0, may, on the other hand, be considered as having 
been derived by an integration from £2 = 0; and for this 
reason, $1 = 0, $ 2 = are said to be first integrals of the 
given differential equation of the second order, £3 = 0. 
From the manner of their genesis it is seen that there 
can be only two independent first integrals of S2 = 0, 
although the whole number of first integrals is infinite. 
That is, the constant of integration of any third first 
integral of £2 = 0, of the form 

& x (x, y, y', c 3 ) = 
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can always be expressed as a function of the constants of 
any two independent first integrals ; otherwise, by 
eliminating y' from $,=0 and * s = by means of *j = 0, 
two different forms of the complete primitive, ^ = and 
"^■ = 0, would be found, which is impossible. 

For a method of expressing the general integral in the 
form of an infinite series, see Art. 122. 

Example. It may be readily verified that the ordinary differ- 
ential equation of the second order, 



haa the first integrals 



.,cot(* + tt); 



W,b, e 



iuU) 



but only (wo of them are independent. For, squaring and adding 
the second and third, ami comparing with the first we find that a 
relation of the form 

& + <? = «!» 
must exist. Also, developing cot(.t + «)in the fourth equation, and 
comparing the result with the sum of the second and third, we find 

e + 6tann=0. 
Hence, 6=acosa, c= — asina; 

and only two of the four roiishmts ;u-<- independent. 

The general integral of the original diit't'ivntiii] equation may be 
found either by iiiU'(_Tating any one of the Erst integrals again by 
the methods of (Jhap. IV., or by eliminating -^ between any two 
independent first integrals. Tims the result of eliminating J 
between the second and the third of the above first integrals will be 
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Alsu, the first of the four first integrals may h 

which integrated gives 



in(* 



If now we put m = < 

the last equation reduces t 






which is evidently the general integral as found above. The same 
result may, of course, be found by eliminating J between the first 
and fourth of the first integrals. 

103. A differential equation of the second order 

is said to be exact, when the expression iidic is the exact 
differential of a function of the form F(x, y, y') Since 
the equation £2 = is derived from F(x, y, y r )=c by 
direct differentiation, y" can only occur in the first 
degree. Otherwise il = will not be an exact differential 
equation. 

Thus the exact differential equation of the second 
order may be written 



3F 3F , 
Zx + dy y 



3F , 



= 0, F^F(x lV ,y')..(5) 

In order to integrate this equation completely, we 
notice, first, that we can determine how the variable v' 

3F 
enters the function F by integrating the term — , y" 

with respect to y'. If the expression thus found be 
differentiated totally with respect to x, and the result be 
subtracted from the first member of (3), the remainder 
must be a differential expression of an order not higher 
than the first. Also since this remainder is the difference 
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of two exact differentials, it must itself be an exact 
differential, and y' can occur in it only to the first 
degree. Its integral, together with the terms already 
found by integrating with respect to y', will be the 
integral of the whole equation (3). 



Example. The equatio 



xyy" + xy , *-yy , =0, . 



ia exact. For the term iuvolviii!; ;/" i.-i .«/y", and this luting integrated 
with respect to '/ givea zytf. The Lint exiiivsi-iinn when differ- 
entiated totally with ios]iei't to .r gives 

Subtract this result from the first member of (4), and the remainder, 
- %yy\ will also he exact, having for its integral -y s . Hence equa- 
tion (i) is exact, and a first integral ia 



i divide (4) by a?, it will be f 



md first 



Hence the complete priraitiv 



Lie's Differential Equations <>f the Second Order. 

104. Of course not every differential equation of the 
second order is exact ; and there is no general method 
for integrating all auch equations when not exact. It 
will be our object, however, to show in this paragraph, 
how the knowledge that the given differential equation 
of the second order admits of or is invariant under, a 
given O x can be used to reduce the problem of integration 
in a number of the most important classes of differential 
equations of the second order. These invariant differ- 
ential equations of the second order are sometimes called 
" Lie's Equations of the Second Order." 



led 
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105. Suppose that the infinitesimal ti ansf ormation 

of a given G t in two variables be twice extended by 
Art. 47 ; in the four variables x, y, y', y" the twice- 
extended infinitesimal transformation will have the form 



where ,-.£-,/£, „".-£-<,"- 



,d£ „ _ Ay' „dg 

The necessary and sufficient condition that an equation 
in the four variables x, y, y', y", of the form 

0(<e. y, y', y") = o, 

may be invariant under the G 1 TJ"f is, by Art. 42, that 
the expression (7'"{f2) shall be zero, either identically, or 
by means of £3 = 0. It was also shown in Art. 43 that if 
u, v, and w be three independent solutions of the linear 
partial differential equation 

the most general form of the invariant equation, £1 = 0, 
is obtained when £} is expressed as an arbitrary function 
of u, v, and w, say 

&(®, y, y\ y") = F(u,v,w)=o. 

Or, if we choose, we may solve F = in terms of one 
of the three quantities u, v, or w, say in terms of w, 
and thus put the most general invariant equation in 
the form 

But x and y may be interpreted as point coordinates 
in a. plane ; and y' and y" as the differentials 
dy tfy 
dx' dx 2 ' 
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respectively. In this case the equation £1 = is a differ- 
ential equation of the second order in the variables x and 
y ; and if the expression U"(',l J is zero, cither identically 
or by means of £2 = 0, the differential equation ii = is 
said to be Invariant under, or to admit of, the G 1 U"f. 

Now the differential equation = represents a doubly 
infinite system of curves in the plane ; and that the 
equation £2 = shall be invariant under U"f means that 
the system of curves must be invariant under £7"/ also. 
For, if we designated the new variables, as usual, by 
x v y v y(, y{' , and the transformed equation by Q 1 = 0, 
then, by hypothesis, i\ must have the same form in the 
new variables that £2 bad in the variables x, y, y', y" : 
that is, Q 1 = must represent the same family of curves 
that £2 = represented. 

But this family of curves will also be transformed by 

and at any point of general position (x, y), y' and y" will 
receive the same increments, Art. 47, by means of Uf, 
that they receive at that point by means of U"f Hence, 
a point P. in the plane which satisfies the system of 
values x, y, y\ y", will always be transformed by means 
of Uf to the point P l which satisfies the system of 
transformed values x v y v y{ y{'; and it is clear that 
since P passes to the same position i ) 1 under the trans- 
formation Uf that it does under U"f and since y and y" 
are transformed by Uf exactly as they are by U"f, the 
family of curves, represented by £2 = 0, must also be 
invariant under Uf. Thus it is clear that the condition 
that a differential equation of the second order 

£l(x,y,y;y") = Q 

shall he invariant under the twice- extended G l U"f, is 
the same as that the family of <x> 2 integral -curves of 
£2 = shall be invariant under Uf. 



■■(1) 



..(2) 
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When the condition that U"(Q) is zero, cither identically 
or by means of fl = 0, is satisfied, we sometimes say, for 
brevity, that f2 = is invariant under the Y Uf, instead 
of under the twice-extended i U"f. 

106. We have a general method, Art. 23, for deter- 
mining the quantities u, v and w of the preceding article, 
and we have seen, Art. 56, that when u has been found 
from the differential equation 

dx_dy 

7"i ; 

then v can be found as the second integral -function of 
the system 

dx_dy ' _dy' 

Tin 

by means of a quadrature. Unless the path-curves of 
the V which are represented by 
u — const., 

are known, it will be necessary to perform an integration 
to find u from the abovu ditiiivntial equation of the first 
order (1); but we shall show that when v, and v have 
been found, w can be found by mere processes of differ- 
entiation. Also w, as will be seen, must necessarily 
contain y" ; and as v(x, y, y') was called, Art. 37, a 
differential invariant, of the given G v of the first order, 
so tv(x, y, y', y"), for reasons which are obvious, is called 
a differential invariant of the given Q v of the second 
order. 

107. We shall now show that when u and v have the 
meaning of the last article assigned to them, and are 
known, that w, the third independent integral -function 
of the system 

dx _ dy __ dy' _ dy" 



(3) 



can bo found by differentiation. 
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To this end let a and b be any two constants. Th 

v-au-b = Q (4) 

is a differential equation of the tirst order which is 
invariant under U"f, since 

U"(y-au-b) = 0. 

If now a is supposed to retain a fixed value, while b 
varies, (4) represents x 1 ditii.'ivntial equations of the first 
order which are invariant under iTj. Each of these 
differential equations represents oo 1 integral curves in the 
plane, so that there are oo 1 families, each of oo 1 curves, 
which as a system are invariant. This system of x 2 curves 
must be represented by a differential equation of the 
second order, which must also he invariant under Wf. 
We obtain this differential equation of the second order 
by differentiating 

v(x, y, tfy-auix, y)=b 
totally with respect to x. Hence, we find, 

dx- a fa-° < 5 > 

Fl^' -°°; w 

* 3w , ' ' 

or, briefly, w(x, y, y', y")—a = (6) 

Since (6) is invariant undor the Q v we must have 

U"(w-a) = 0, 
by means of w— a = 0. But, since a is a constant, 

U\w-a)^U"{w), 
that is, U"(iv) = 0; 

and w is a solution of the linear partial differential 
equation U"f= 0. 



LIE'S EQUATIONS OF SECOND ORDER. 



149 



From (5') we see that since v must contain y', w must 
also contain y" ; hence we can take this function to be 
the third solution of f7"/=0, that is, the third integral of 
the system (3). It is seen further from (5) that 

dv 

w = t- ; 

au 

so that the most general invariant differential equation 
of the second order may always be written in the form 



£-*<"" i, )= a 



..<?) 



1(18. The complete integration of (7) may be accom- 
plished by the integration of an ordinary differential 
equation of the first order in two variables, together with 
one quadrature. For (7), as is Been by its form, may be 
considered a diffen.iitial equation of the first order in the 
variables u and v, and if (7) has been integrated, say in 
the form 

«-*(«,»>, (8) 

this will be a differential equation of the first order in 
x and y, since v contains y'. But since u and v are 
solutions of 

M, 



uy, 



■4MS+* 



=o, 



it is clear that the equation (8) must admit of the G x U'f. 
Hence, as we know, Art. 59, (8) may be integrated by a 
quadrature. 

Summing up the above results it is seen that the com- 
plete integration of a given differential equation of the 
second order, which admits of a known G p may be 
performed as follows : 

A differential equation of the first order must be 
integrated to find u — unless the path-curves u = const. 
of the G i ha/ypen to be known- — then a quadrature is 
necessary to find v ; then tlie integration of a differential 
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equation of the first order between u and v ; and finally 
a quadrature. 

A method which is theoretically an improvement upon 
this one is given Art. 163. 



Glasses of Lie's 



SECTION III. 

Differential Equations of t 
Order. 



109. We shall now apply the results of the last para- 
graph to find the classes of differential equations of the 
second order, which are invariant under some of the most 
common ff^s in the plane, and which are therefore 
integrable by the above methods. 

110. To find all differential equations of the second 
order which are invariant under the G 1 of translations 
along the x-axis. 

Here the 0, has the form 






and it is seen at once that jj' = »j 
extended (?, has the form 



= 0, that is, the twice 



J a» 

Thus it is necessary to find three independent integral- 
functions, w, v, w, of the simultaneous system 
dx_dy _ dy' _ dy" 

T _ T _ "o" _ T' 

It is obvious that we may assume 

, dv y" 

u = y, v = y , w= t— = s - ; , 

"' "' du y' 

,_ „ dv 
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The most genera] invariant differentia,] equation of the 
second order has therefore the form 

where, of course, since y 1 is itself an integral -function of 
the above simultaneous system, y" might be written in 

place of —,; that is, any differential equation of the second 

order which does not contain the variable x is invariant 
under the translations along the a; -axis. 
If F = be written in the form 



or, Art. 107, 



E -*(«, »)-o, 



it is seen that we obtain a, differential equation of the 
first order in u and v. Its integration will give an 
equation of the form 

v = \Jr(w, c x ), (c^ const.) 

or if—'^iy, 6i> 

This equation must also admit of the given O v Art- 108 ; 
hence by Art. 59 a quadrature gives the general integral 
sought in the form 

, , y , —x = c i . (c„ = const.) 

If F = has the special form 

y"-$(y)= Q , 

it is only necessary to assume 

„ dv 

and the equation may be integrated by two quadratures. 
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Example. Given yjf—2f*=0. 

Here, according to the above method, we put 

in order to obtain the differential equation of the first order 
between u and v. 



Hence 



or 



uv-j — tr=O y 
an 

dv_v 
du~u 



A quadrature now gives -=c Vl 

whence, by a second quadrature, 

tf=c 3 .e 9lS . 

111. In a manner entirely analogous to that of the 
last article we may find the differential equations of the 
second order which are invariant under the G t of 
translations along the y-axis. Since 

it is seen at once that we may write 

dv „ 
u = a, v = y 9 w = ^ = y . 

Thus all differential equations of the second order, 

F(x,y',y") = 

which do not contain the variable y t are invariant under 
the translations along the y-axis. 
If F = be written in the form 

</"-*(*, 2/0=0, 
or £-*<"• v >=°> 
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it ia seen that this is a differential equation of the first 
order in u and v. Its integration will give an equation 
of the form 

v = yp-(u, Cj), 
or y' = ty(x, Cj), 

so that a quadrature will give the general integral- 
required in the form 



= !</<■(£, c-Jdx+Cz 



Example. Given (1 -3?)if -xtf- 2 = 0. 
Tbia equation, nut containing the variable y, admits of 

Hence we rnuat substitute 



o that there results 






y"^ 






This equation in 
another quad rati 



i-urrj,^'^ 



d ij must also admit of Uf, Art. 108, so that 
v-es the required general integral in the form 
y = (sin-'j:) 2 + 2cfiia~ I x+ <%. 
112. It may be remarked that the equation 

2/"=W>> (1) 

that is, the general differential equation of the second 
order in which ■neither of the variables is present, admits 
of both of the G t 'a 
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We find from (1) by a quadrature 



or, say y' = w(x+c l )\ 

whence, by a second quadrature, 

y= [wfa+o^da+Hf. 

113. To find, all differential ei.jn.ati ens of the second 
order which are invariant under the (?, of affine trans- 
formations 

The twice -extended G i is 



V_,M-0„«V: 



while the simultaneous system to be integrated is 

dx_dy _ dy' _ dy" 

~x~~0~^y'~ -2y"' 

It is evident that we may assume, Art. 63, 

»*y, v = xy'; 

t , . dv zdy' + y'dx xy" + y' 

so that w = -t- = — " ' a = " , " ■ 

du dy y 

The required differential equation of the second order 

has therefore the form 



dixy 1 ) 



-#(3/, xy') = 0. 



By integrating this differential equation of the first 
order, a result of the form 
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ia found; and since tin's last differential equation of the 
first order is known, Art. 108, to be invariant under 

a quadrature will give the general integral required in 
the form 

y = Q(x, Ojf c 2 ) = 0. (c 2 = eonst.) 

114 In an analogous manner the most general differ- 
ential equation of the second order which is invariant 
under the G l 



since v, = x, v=-, will he found to have the form 

y 2 \ y> 

It should be noticed that the so-called abridged linear 
equation of the second order of the form 

y"+X 1 (x)y 1 +X(x)y = > 

where X 1 and X are functions of x alone, is a particular 
case of the general differential equation of the second 
order which is invariant under 

For the above invariant equation may obviously be 
written 



y \ y' 
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(f)V4,|)=*(*,f). 

/we suppose ^ to have the special form 



*+$' 



-XAjti.z—Xix), 



the invariant equation will assume the form of the 
abridged linear equation. 

A further discussion of this equation will be given in 
Chapter XL 

115. To fi.nd all differential equtdions of the second 
order which are invariant under the 1 

Here it is readily seen that 

u = x, v = ^y'-<p-y, ^U#/"-fV> 

where $' and 0" are written for 

d<p d*tp 

dx' dx^ 
respectively. Thus the most general invariant differential 
equation is 

<py" ~<j>"y -$(®> <l>y'-<l>'y)= 0- 

If qb is an integral- function of the abridged linear 
equation of the second order 

y-' + X^y' + X^y^O, 
that is, if satisfies the identity 

^"+X i {x)4>'+X l (x)<f, = 0; 
then the general linear equation of the second order 
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will be a particular case of the above invariant differential 
equation. 

For we only need assume <£ in the form 

*= -X 2 (;c)(^'-0'i/)-Z o Ob)0, 

when the invariant equation becomes 

S " + X !W J,'-(£±i*') s + X = 0; 

that is, since satisfies the abridged equation 
f+Xfr) y'+X^y + X.ix)^. 

116. To find all differential equations of the second 
order which are invariant under the G x of perspective 
transforma tions 

It is seen from Art. 64 that we may here assume 
u = J , u = y , 

.. , dv xy" 

so that -j- = — ^— ■ 

cm , y 



Thus the most general invariant differential equation of 
the second order is 



V*&*)-«* 



s it may obviously be written, 
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The integration of the differential equation of the first 

outer in u = - and v = y', 

will give a result of the form 

TliiB equation must, of course, admit of Uf, and hence 
its general integral, and thus the general integral of 
F = 0, may now be found by a quadrature. 

Example. Given the differential equation 

This is obviously an equation of the form F = 0. Hence it may be 
written in the form - , . 

and, in fact, we have JHL — ?3L=q. 



Hence ",»*. 

du H 
that is, o=c,u, 

/-?■ 

A quadrature will now give the general integral required in the 

117. The values of u and v for the groups 

3/ , a / 3/' 3/' 3/ 3/ ,3/ , df 

are given Arts. 66-73. It will be a valuable exercise for 
the reader to find the corresponding invariant differential 
equations, or Lie's equations, of the second order. 
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118. The criterion that a given differential equation of 
the second order, 

shall admit of a given twice -extended (?„ 
TTf-M, 3 /. W . " 3 / 



is that the expression 
V"(G)m£ 




.30 , 



3fi , ,30 , „3Q 
!^ — rl-. .+1 =-; * 



shall be zero, either identically or by means of £2 = 0. 
It is often possible to find, from this condition, the 1 of 
which the given equation admits, as is best illustrated by 
an example. 

Example. The condition that the equation 
Sl=yy" -vyY - W=® 
shall admit of Uf, ia that the expression 

shall be zero identically, or by meana of !i=0. On comparing this 

expression with £2=0, we aee that for £ = 0, i}=y, and thuai/sy', 

<V,»Sl.W tr(0) = 2!2. 

The given equation must tiunrforir admit .if r/i> , and hence be one 

of the type 

and, in fact, it may be 
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a equation of the first order which may be integrated, Art. 67, by 
a quadrature. Since the resulting equation will admit of the G, 

a Mot:i.n»l quadra tin - !.' ""ill L'ivo us the ^roiu-i'al inland nf the iriven 
differential equation of the second order, Q=0. 

119. We shall apply the theory of integration of this 
paragraph to an example involving geometrical con- 
iderations. 

A family of curves in the plane is often defined by an 
equation expressing a relation between such magnitudes 




as the aubtangents, the radii vectorea, the perpendiculars 
from the origin on the tangents, etc., giving rise by that 
means to a differential equation of a certain order. 

For example, suppose it is required to find all curves 

I which are defined by a relation between the line r 
connecting the point (x, y) with the origin ; the angle yp- 
between this line and the radius of curvature, p; and 
the radius of curvature itself. Such a relation is given 
by an equation of the form 



It is geometrically evident that such a curve will pass, 
by means of a rotation, into a congruent one. In other 
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words, the family of curves represented by * = admit 
of the G 1 of rotations 

where, of course, the values of )', »/<■, and p, in <& = 0, are 
to be expressed in Cartesian coordinates. 

Since, in the variables x and y, $ = will be a differ- 
ential equation of the second order, and since we know 
the path-curves of Uf, it is clear that, by Art. 108, the 
above family of oo 2 curves may be determined by the 
integration of a differential equation of the first order, 
together with a quadrature. 

120. In integrating the Following differential equations 
of the second order, the equations should first be examined 
to see whether they are exact or not, Art. 103. If an 
equation is exact, its integration may, Art. 103, he 
reduced to the integration of a differential equation of 
the first order. 

If the differential equation of the second order is not 
exact, it should be compared with the types of invariant 
equations, Arts. 110-117 ; and if the equation belongs to 
one of those types, its integration is to be accomplished 
by the method indicated for that type. 

If the equation is not exact, and does not belong to 
one of the given types, the Gj of which it admits is to be 
sought by the method of Art. 118. 

In examples (l)-(25) it should he verified geometrically, 
whenever practicable, that the family of oo 2 integral 
curves found admit of the G 1 which was used in 
integrating the differential equation. Thus, it is geo- 
metrically evident that the integral curves 

x* +2c- l x + y* + 2c 2 y = 
of Ex. 26, which are the go 2 circles through the origin, 
admit of the l of rotations. 

We give, for convenience of reference, a table of some 
of the more important invariant differential equations of 
the second order. 
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Group of One Parameter. Type of Invariant Differential Equation. 
(l)U/=l^ (1) F(y, y, /)=0. 

This invariant equation includes, of course, the types 

F(y.y°)=o, F(y,/)=o. 

(2) Uf=fy (2) F0r,/,/)=O. 

This equation includes 

F(*. /)=<), F(/,if)=0. 

(3) JT/= *g, (3) ?(y, */, ^) =0. 
(4)^ y ^, (4)f(*,|,£)=0. 

(5)^*g +y |, (»)»(j/,i!ir)-a 

EXAMPLES. 

(i) xf+f-i. (2) (i-*v-*y+y=o. 

(3) y — «8*. (4) y=#+sin#. 

(7)yV=«. (8)/= J 



(9) ay«=i+y*. (io) y=y 2 +i. 

(ii) y= -(y*+i). (12) «y«=(i+/v. 

(13) *y +y = o. (14) y - xf =/(/). 

(15) (l+^/H-l+y^O. (16) (l-x*)y"+xtf=x. 

(17) *y+y=*-. (18) (a'-^V-^y+fLo. 

(19) /+yy=0. (20) y(l-logy)/'+(i+logy)y2 = o. 

(21) ^ Jjj. (22) ^'-^ + y=o. 

(23) ^y-^y-3y=0. (24) x?/ 2 +xytf-yy'=0. 

(25) a*/-xy'+y=0. 

(26) (tf 2 +y 2 )/ - 2ay 3 + 2^' 2 - 2.r/ + 2y = 0. 
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The following geometrical examjiles lead to ordinary differential 
equations of the second order which admit of a G,. The formulae 
for a plane curve given, Art. 73, together with the two given below, 
are convenient for reference. 

Differential of an arc s, measured from a fixed point on the curve 
up to a point (#, y). 



Radius of Cm valine, 



idius of curvature is proportional 



u which the radius of curvature 



tangent on the axis of x. 
(28) Show that the curve whose i 

to the cu he of the normal i 
(■2'.l) Required tin; family of curve 

is constant and equal to a. 

(30) Determine the family of curve* in which the radius of curva- 

ture is equal to the normal (a) when the two have the same 
direction, (&) when the two nave opposite directions. 

(31) Determine the family of curve-; in which the radius of curva- 

ture is equal t ■> twice the normal (it) when the two have the 
same direction, (b) when the two have opposite directions. 

(32) Show that if t is the angle which the tangent at any point 

(#, y) on a given curve makes with the j'-axis (see figure, 
Art. 119), while p is the radius of curvature at that point, 
all curves defined by a relation of the form 

0(*s t, P )=o 

may be determined by the integration of a differential 
equation of the first order and a quadrature. 

(33) If the angle between the ^-axisawl (be line joining the centre 

of curvature with the origin lie designated by 0, and if <fr 
have the meaning of Art. 119, show that all curves defined 
by a relation of the form 

R(<£, t, &)=0 
between the three angles </>, r, may be determined by the 
integration of a differential equation of the first order and a 
quadrature. 



CHAPTER X. 

THE DIFFERENTIAL EQUATION OF THE m"> O. 
IN" TWO VARIABLES. 

121. In this chapter we propose to indicate briefly 
how the methods of Chapters IV. and IX. for integrating 
invariant differential equations of the first and second 
orders may be extended to equations of an order highei 
than the second. 



SECTION I. 
Lie's DlffiinirttinJ, Equations of the m (S Order. 

122. A differential equation of the m" 1 order in two 
variables has the general form 

Q(e> y,y', ...,y w )=0, 
where Si must, of course, actually contain y im} ; and the 
complete primitive, or general integral, (Art. 5), of this 
equation has the general form 

<ir($,y, ci, ...,c m )=o, 

where Cj, .. . , c,„ are m independent arbitrary constants. 

We saw iu Art. 72 that the general integral of an ordinary 
differential equation of the first order in two variables may always 
be expressed in the Fnrm of an infinite seriiw im-nlving one arbitrary 
constant. We shall now show that the genet*] integral of the 
ordinary differential equation of the m 01 order in two variables 
may, similarly, be expressed as an infinite aeries involving m 



LIE'S EQUATIONS OF THE m* ORDER, 165 

arbitrary constants— although, as in Art. 72, we shall not investi- 

fate the question of whetlK'v tin's Kerics always converges or not. 
t may be remarked that this uieLliod for obtaining the general 
integral is of little pi'aotica I value for such equations as are neither 
linear (Chap. XI.) nor reducible to a linear form. If 

y-^F^y.y,...^"") (1) 

be the given differential equation, by differentiation we find y ra+11 
as a function of x and y, and the differential r.oeifi dents up Ui the 
m 01 , if F t actually contains y""-". Substituting, in the result, for y m 
its value as given by (l)i WL " find ior i/""", 

f**mMs t y,tf,..,tf- a i (2) 

Differential i tij^- (-J), and redudng as before, we find 

y-^F^^y', .../-"); (3) 

this way we see that all differential coefficients of 
order higher than the m' t are expressible in terms of 
"x, V, y", .-, J** - * 1 , by means of (1). 

Now when we assign to x the initial value .<■,,, let the correspond- 
ing initial values of y,y, ...,y <m ~' ) he rqitvft'Ntvd bv //^ j/ n ', ...,y "*~", 
while the second members of (1), (2), (3), ... become tX P," F 3 "»... 
respectively ; then, by Taylor's theorem, we find, as in Art. 72, 

y-yi+ft'(*-^+^(*-4>'+---+ 1-a ^'"^'_i) ( jB - a ^'" 1+ "- 

In this expression for the general integral of (I), .ty, is a special 
numerical value of x ; and, as the I'V" are functions of the m 
arbitrary constants y a , i/ a , ... y w_11 , (I) really eon tains only m inde- 
pendent arbitrary constants. 

123. We shall now give a method for finding all 
differential equations of the m lh order, fi = 0, which are 
invariant under a given V Such equations are some- 
times designated as " Lie's equations of the m' h order'' 

In order to find all differential equations of the second 
order which are invariant, under a given G 1 



W-((.",y)%+i(",y) 
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we saw that, if 

represent the twice-extended G v it is necessary to find 
three independent solutions of the linear partial equation 
in four variables 

u~/~o. 

If these solutions are represented by 
dv 



u(x,y), v(x,y,y'), 



da' 



Mx, y, y\ y"\ 



then the most general invariant differential equation of 
the second order is 

F(u, t>,«j)=0. 

In an entirely analogous manner we may see that 
to find the most general iHU'i.-rentiid equation of the third 
order which is invariant under Uf, it is necessary to find 
four independent solutions of the linear partial differ- 
ential equation in five variables 

rr/-o, 

where U'"f is the thrice-extended G lr so that 

Just as we saw in Art. 107 that we could assume 
_dv 
~ du' 
so now, if ii, v, v) be three solutions of TJ"'f=0, the 
function 

dvj _ d-v 

du ~ du" 

may be seen to be a fourth solution of £T"'/=0, which 

must contain y"'. Hence the most general invariant 
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differential equation of the third order has the fonn 
= 0. 



_/ dv_ ci?v \ 

V ' ' du' du 1 / 

the path-curves of the G 1 

u = const. 

are known, it will be necessary to integrate a differential 
equation of the first order in two variables 
dx^dy 

7"» 

to find u. Then v. Art. 56, may be found by a quadrature, 
and of course the other two solutions 

dv dH 

du' dv? 
by mere differentiations. 

It is obvious now that the most general invariant 
differential equation of the m ib order will have the form 

„/ dv d 2 v &*~hi\ _ 

Flit, V, -T-, -,-—„, ... j— sr-, ) = 0; 
\ du du 2 du,™- 1 / 

and it is clear that, in the most unfavourable case, this 
differential equation may be established by the integra- 
tion of a differential equation of the first order in two 
variables, a quadrature, and (m — 1) differentiations. 
Since u and v are given, Arts. 62-68, for the 0^ of those 
Articles, of course the corresponding invariant differential 
equations of the m* order may be found, as indicated 
above, by mere differentiations. 

In accordance with the definitions of differential in- 
variants of the first and second orders, given Arts. 57 
and 106, we now define the function 

d*v 

du* 
as a differential mvnriant of the (i + 1)" 1 order of the 
0,(7/. 
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124. By Arts. 42 and 43 it is clear that the necessary 
and sufficient condition that a given differential equation 
of the «i tb order, . 

Qfay.y', ■ ■■ T/' m) )=o, 

shall he invariant under a given G i Uf, is that the 
expression 



an 



,,,,,30 



shall be zero, either identically, or by i 
where 



m-'f 



■&+&4+- 



■+i» 



t3L 



is the m-times extended G v 

In order to reduce the problem of integrating S1 = 0, 
we must first find u, by integrating, if necessary, 
dx_dy 

7" 

Then v may be found by a quadrature ; and the above 
differential equation of the m tb order may be put into 
the form 

_/ dv d m ~ x v\_ 
V ' ' du' '" dii m "V 



/ dv d m - 2 v\ 

■* u,», Tl ... i ,„-.> ) = 0- 

\ em dii" 1 V 



or, if we choose, 

dv,™- 1 

This is a diffiiivntial equation of the (m — l) th order in v. 
and V. If its general integral has been found in the 
form 

v—f{u, c\, c a , ... c m -i) = 0, 
the last equation will be a differential equation of the 
first order in x and y, which, by Art. 42, must admit of 
the given G l Uf; and hence the general integral of 
ii =0 may be finally found by a quadrature. 
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SECTION II. 



of Lie's Differential 



of the in lh Order. 



125. We shall now illustrate the method given in the 
last section for finding classes of invariant differential 
equations of the m th order by some of the simplest 



126. To find all differential equations of the m" 1 
order which are invariant under the G l of translations 
along the x-axis, 









tr/i 


3aj 




Art. 62 


, we 


have 










u 


ay,v 


■»' 


. w = 


dv 
du 




dw 
du 


_dH 
~ du 2 


_s" 




y" 1 



Thus the moat general invariant equation of the ■ 
order may obviously be written 

or, in the equivalent form, 

ft(y,y',y">y'"> ■■■ y^)=o. 

Hence, an equation of the m" 1 order, 12 = 0, which is 
free of x, admits of the ©„ Uf; and may always be 
written as an equation of the (m— l) th order in the 
variables u = y,v = y\ in the form 



/ dv d m *v\ 
[u, v, -j-, ... - j m , ) = 0. 
\ du du.'"-'/ 
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127. To find all differential equations of the m th order 
which are invariant under the O x of all translations 
along the y-axis, 

Here, by Art. 62, we have 

dv 
u = x t v = y ; w = d - = y , 

dw dh) ,„ 

d^ = dtf = y ' etC * 

Hence, in this case, the most general invariant differential 
equation of the rnP order has the form 

and it is obvious that it may be written as an equation 
of the (ra — l)* 11 order in the form 



-,/ dv d w "V\ n 



128. To find all differential equations of the m th order 
which are invariant under the 6 X 



-£. ~..-dv- y"y-y' 2 = y" fyV 

v \vJ' 



Here we have, Art. 63, 

y' 

y du y 2 y \y 

d ^ m d ^^yZ-S^ y - + 2( y ') a etc 
du du 2 y y y \y/ ' 

Hence the most general invariant differential equation 
of the m tb order may be written 

F Lxx^y--* t£ +^i ■■)=<>■> 

\ y' y \y/ y y y \y/ / 
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or in the equivalent form 



fi he, * 



y y 



Thus i 



i every equation of the form fi = 0, of the m tb 
order in x and y, may be written in the form of an 
equation of the (m — l) 01 order in u and v, by making 
the substitutions indicated above. 

It is seen that the so-called abridged linear equation 
of the m & order, of the form 

y ™+X m J(:r)y(™-»+... + X i (x)y'+X l (x)y = 0, 

is a particular case of the equation Q = 0. 

129. To find all differential equations of the m th order 
which are invariant under the G 






Here, by Art. 1 15, wo have for u and v the forma 
»»x, v = $y'-#'y; ^-m^jf-fy, 

-•t>"'y+4>'y"-4>"y', etc. 









Hence, tho most general invariant differential equation 
of the m* order may be written 

V(x,<}yy'-<j>'y,$y"-<l t "y,<l>y'"-,p"'y + <l>'y"-$"y',...) = Q. 

Any differential equation of the m tb order of this 
form may be written as an equation of the (m — l)" 1 
order in the variables u and v by making the substitu- 
tions indicated above. 

It may be noticed that the general linear equation of 
the m th order 

t'»+X m - l (x)y('»-i+...+X z (x)y'+X l (x)y+X Q (x) = Q 




fift an 
ljr^pn.r 
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is a particular case of the equation F = 0, if 
integral- function of the corresponding abridged linear 
equation. The proof is precisely analogous to that of 
Art 115 for equations of the second order. 

130. It will be very valuable exercise for the reader 
to find the differential equations of the 3 rd , 4 th , ... orders, 
which are invariant under the simple ffj's given in 
Art. 117. 

131. It may be noticed that the simplest form of 
differential equation of the m* order that is invariant 
under the 6 1 



=a»,. 



..(i) 



where X is a function of x alone. It is obvious that the 
general integral of this differential equation of the m th 
order may be found by m successive quadratures. 

132. It is clear that when the equation of the type of 
Art. 126 has the special form 

fl(y»,y+ n J ...^-J)-0, km 

its integration may be facilitated by assuming yt-^^z. 
The equation 12 = is then of only the (m — i) th order in 
the variables x and z, 






*£-£9-« 



and is of the type of Art. 12G still. 

Its integration wi)l give a result of the form 

z = i/^ — ^(x, c, ... Cn-i); 

so that, by the preceding article, the general integral 
required may now be found by i successive quadratures. 
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This method is particularly applicable when S2 = haa 
one of the simple forms 

=S W-jW»- «)«0 (2) 

or Sl = yM-f(y("-V)=0 (3) 

The first equation, when we put 2/*™ _1 ) = s, becomes 



■/w. 



and may be integrated by a quadrature giving z as a 
function of X and one constant. 

The second equation, when the same substitution is 
made, becomes 

£=/<*>. 

for the integration of which a method is given in Art. 
110, by means of which z is found as a function of x and 
two constants. 

Example 1. Given j/'y" = ^/l+y" 2 . 

This is an example of equation (2), Art. 132. Hence, assume 



whence ' 

Thus, solving for 



z=c+JT+?. (c=con H t.) 

f~J{x-cy-\. 
quadratures the general integral may now be 



Example 2. Given a.y=y". 

This is an example of equation (3), Art. 132. If we write z for /', 
the equation hecomes tWft 

By Art. 110, we find from this 
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X __x 

Hence, from tf'=c x e a + c# a , 

by two successive quadratures, we find the general integral 

* __* 

y=c 1 a z e a +c 2 a 2 e a +c^v+c^ 

EXAMPLES. 
Integrate the following differential equations : 

(i) «y"=2. (2) a/'=y. (3) y=^^- 

(4) y"-xeoax. (5) «y»=2y". (6) «y+4cos:s=0. 

(7)y**=««*. (8) y"'=8in 3 x. (9) f=l+coax. 

(io) y"=y'(i+/). (ii) 2^'y =/'*-<* (12) yy»=i. 

(13) *y+3/"=0- (14) /"/'=(! -f){\ +/«)*. 



CHAPTER XL 

THE GENEEAL LINEAR DIFFERENTIAL EQUATION 
IN TWO VARIABLES. 

133. In the first section of the present chapter we shall 
give a method for finding, by men.' algebraic operations, 
the general integral of the ordinary linear differential 
equation of the m th order with constant coelficients and 
the second member zero. 

In the second section we shall give methods for the 
same equation, when the second member is not zero. 

In the third section we shall show how the knowledge 
of the fact that the general linear differential equation is 
always invariant under a known G 1 may be used to lower 
the order of the equation. 



SECTION I. 

The Abridged Linear Equation of the m'* Order, with 
Constant Coefficients. 

134. The differential equation of the mP 1 order of 
the form 



»«+X„.,W ! /—)+... + X 1 Wi/ = X(*).. 



..(1) 



is known as the. i/enr.rul linear diffcnriUial equation of 
the m" 1 order. We reserve for the third section a 
treatment of this equation when the Xi are functions of 
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x ; for the present we assume that the X\ are all 
constants, so that (1) may be written 

y""+A„. iy "-v + ...+A t y = X(x). (2) 

The last equation is known as the general linear 
equation of the m^ order with constant coefficients. If, 
in particular, 

X(x) = 0, 
the equation (2) becomes 



+ A lS ' + A 1 y = 0, . 



-(3) 



which is called the ahri<hj«l linear npiation corresponding 
to (2). We shall discuss equation (3) in this section. 

135. Although, as we know from Art. 128, (3) 
invariant under the G, 



^•»£ 



y. 



v 

so that the integration of (3) may be reduced by the 
method of that article, a more expeditious way of finding 
the general integral, and one not involving any processes 
of integration, will now be explained. 

To this end, substitute in (3) for y the value 

ymf, 

where a is a constant to be determined. It is seen that 

each of the terms of (3) will be multiplied by the factor 

e 03 , which may therefore be discarded, so that we have 

a m +A m ^a m -i-+...+A i a+A 1 = (} (4) 

This is an algebraic equation of the m lh degree in 
terms of a; and for each root, a;, of this equation, it 
is clear that we have a correspon ding particular integral 
of (3) of the form 






„ be the m roots of (4), the e 
e a i x +c 2 e a * c +...+c m e a »> 1 , 



..(5) 
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will be the general integral of (3), Art. 122. For this 
equation contains tit independent arbitrary constants, 
and the value of y given by (5), when substituted in (3), 
satisfies (3} identically. 

Given the abridged linear equation of the second 

The corresponding algelu-iii'j equation of the second degree is 

with the roots 2 and 3. The general integral of the differential 
equation is therefore, by (5), 

That this is correct may be immediately verified. 

13G. In the case when (4) has a double root, say 






the equation (5) no longer represents the general integral 
of (3). For in that case the first two terms in (5) 
reduce to the form 

where c 1 +c a may obviously be replaced by a single 
arbitrary constant c ; and since (5) now only contains 
(m — 1) independent arbitrary constants, it is no longer 
the general integral of (3). 

In order to obtain the general integral, let us suppose 
that the above-mentioned two roots are not exactly 
equal, but that they differ by a quantity r, which will 
ultimately be made to vanish. The part of (5) depending 
upon the roots a^ and a^ will then have the form 

c l C> x + c i ^+ K ^ (G) 






1 4<\ + c i ,(i+ K 3-+'t^ + --.)} 



= e"' x j (Cj + c 2 ) + c 2 kx + c 2 k jg— I- ■ ■ 
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Since c l and c 2 are arbitrary, we may 
be infinite in such manner that, as m 
C^k approaches a finite quantity B 2 , while 



and c 2 are 
at t^ + Cg ia 
finite and equal to B v Thus the sum (13) has the form 



taken with opposite signs, in such manner that c t + 
' tie tor 



so that, when k = 0, (6) becomeB 

Thus we see that in the case when (4) has a double 
root a l = a 2 , the arbitrary constant (0 1 + G i ) must 1 
replaced in (5) by a binomial expression of the form 

In an entirely analogous manner it may be Bbow 
that if (4) has an r-fold root, the r terms coalescing in 
(5) must be replaced by a polynomial of the form 

Example. The algebraic equation com^]> (.riding to 

has the double root 3. Hence the general integral of the differ- 
ential equation ia y = ^g ] +J}^). 

137. When (4) has a pair of imaginary roots, 
corresponding const nuts of integration are to be assumet 
imaginary in order that the pair of terms in (5) may 1 
reduced to a real forni. Thus, if 

a^a+fiJ^l, a^a-fi*f=\ 
be a pair of imaginary roots, the corresponding terms in 
(5) are 

m e" [((^ + c a ) cos fix + «/— 1 . (^ - c a ) sin fix]. 
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I c 2 be considered imaginary, and if we 

c 1 +c z =A, (Cj — c 2 )*J — l=B, 
i sought will be 

u (A cos f}x + Bain fix). (7) 

■eadily seen, as in Art. 136, that if a pair of r-fold 
,ry roots occurs in (4), each of the arbitrary con- 
t in (7) must be replaced by a polynomial of the 
) th degree of the form 

Example. Given y"-6y + 13y=0. 
'he corresponding algebraic equation, 

a ! -6a + 13 = 0, 
has the pair of imaginary roots, 

Hence, by (7), the general integral ia seen to be 
y =e%l cos Zx+ B sin 2*). 



SECTION II. 

The Linear Equation of the m' h Order, with Constant 

Coefficients and the Second Member a Function of x. 

138. The problem of rinding the general integral of 
the equation 

yW+A m _ iy (™-»+...+A iy = X(x) (1) 

is intimately connected with tliat of finding the general 
integral of the corresponding abridged equation 

f«+^«_lJr* , -»+...+^df-0 (2) 

For suppose that the general integral of (2) has been 
found in the form 

y = c l e^'+c s efv+...+c m e a ^, (3) 
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and that </>(x) is any function of x which satisfies (1),- 
then it is clear that 

y = c 1 e a ' x +c i e a * c + .,. + c m .e a ™P + <p(x) (4) 

i the general integral of (1). For, if we denote the 
second member of (3) by Y, the result of substituting 

y-Y+tfx) (4) 

in (1) will be equal to the sum of the results of substituting 

y=Y, y = <p(x) 

The first of these results will be zero, 
because Y satisfies equation (2); the second result will 
be X{x), because <j>(x) satisfies (1). Hence (4), which 
contains m independent arbitrary constants, must, Art. 
122, be the general integral of (1). 

We shall call the function </>(.»'). which does not contain 
any arbitrary constant, a particular intrtjral-f unction of 
(1); the function Y is usually called the complementary 
function. 

Thus, when a particular integral- function of (1) i 
known, the general integral of (1) may be found by 
adding this function to the general integral of (2). 

139. There are numerous methods for finding i 
general integral (4) ; and probably the most elegant is 
that based upon the theory of Transformation Groups. 
But this method will have to be reserved for a later 
occasion, since its application presupposes a knowledge 
of groups of more than one parameter. 

The method which most naturally suggests itself is, by 
differentiation and (if necessary) elimination, to derive 
from (1) a diitVsreni ial equation of the (m.4-n) th order in 
which the second member is zero. The general integral 
of this equation, found by Art. 135, will contain (m+n) 
arbitrary constants, and will be of the form 



arbitrary 



B 1 e b ' x +B i c b -"+ ... + B m e b -*+ ... +B m+n e^ 



■in, -f it) 
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where the B% are arbitrary constants. But this general 
integral of the differential equation of the (m+nf" order 
must necessarily include the general integral of (1); 
and since the complementary function" of (1) has the 
form (3), m of the bi above must coincide with the m a^ 
in (3). Thus the algebraic equation of the (m+n)" 1 
degree of which the 0; are the roots, Art. 135, has m 
roots in common with the algebraic equation corre- 
sponding to the abridged equation (2). Hence, when the 
a t have been found, the n b K in (.5), which do not coincide 
with the «,-, may be found by solving an algebraic 
equation of the II th degree only. 

Suppose now that & 1 B *Ou ...b m — a m ; then the n arbi- 
trary constants B m+i , ... B m+ „ in (5) are superfluous for 
the general integral of (1); and these n constants may 
be so determined, by substituting the value of y from (5) 
in (1), that (1) will be satisfied. Since the value of y 
given by (5) must satisfy (1), no matter what values the 
Bi,...B m have, we may facilitate the determination of 
the jBU+i, ... B m+n by assuming B 1 = 0, ... B m = Q. 

Example 1. Given j/" -rA/—x+i (6) 

By differentiating twice we find 

y''-ny = 0; (7) 

and the algebraic equation correspjowliiig to (7) iB 

«'-«'« ! -0 M 

The algebraic equation com'sponding t'- the abridged equation 

of which the roota are a—n, a=-n. Hence — as in this case is 
evident anyhow, a~7i and a= -n are two roots of the equation 
of the fourth degree (8). The other roota are obviously a = 
repeated twice. Hence, Art. 136, the general integral of (7) ia 

while the conipli.-uu-htan fnnution of (6) ia 
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will be a particular integral-function of (6). Substituting 

y = B i + B i x 
In (6), we find 

-n%B 3 + B^) = \+j:; 

and hence B i = B i = — ^ 

Thus the general Integral of (6) is 

y = c 1 tr' + C0- nx ^ 

Example 2. Given 

y" + 8y'+16v = 4e*-e i «. (9) 

By differentiating twice we may eliminate e* and e 2 *, and find 

y. + 5y"_6/'-32y + 32 S =0. 
The corresponding algebraic equation is 

a' + 5a 3 -6a 2 -32a + 32 = 0; (10) 

and this equation has two roots in common with 

a s +8«+I0=O, 

of which the roots are - 4 and - 4. Hence the remaining two roots 
of the algebraic equation of the fourth degree may be determined 
from the equation which ivkilILs when (10) lias been divided by the 
factor (a + 4) ! , that is, from 

a* -3a + 2 = 0. 
The other two roots of (10) are therefore a = l, a = 2. 
The general integral uf (!)) !i;u tlicivfore the form 
y=(B l +B 1 x)e- t '+B s e'+ B^, 
so that it must be possible to determine B 3 and B, in such manner 
t,lat B^ + Bjs* 

is a particular inlv.'^it-l'inn tion of (9). 

By substituting y = B s x + B i e* 

in (9), we find 

B^+iB l ^ + aB^ + 16B t e a + lGB<f + 16B i e ix = 4e'-<r*-, 
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Thus we find for (9) Che general integral 



140. A second method for finding a particular integral- 
function of (1) is that which is commonly known as the 
" Variation of Parameters." To find d>(x) (Art. 138), by 
this method, we first find the general integral of (2) in 
the form (3) ; then, considering the m arbitrary constants 
as variable parameters, by substituting the value of y 
given by (3) in (1), we determine the parameters in such 
manner that (1) is satisfied. 

The m parameters may evidently be subjected to 
(m — 1) arbitrary conditions; and the system of con- 
ditions which produces tin; simplest result is that which 
demands that all the derivatives of y of an order lower 
than the m th shall have the same values when the 
parameters are considered as variables that they have 
when the parameters are considered as constants. 

Example. Given tf' + nh/ = X(,x) (11) 

The general integral of the abridged equation corresponding to (11) 
18 y^cosnx + c^inM. (12) 

Now, supposing c, and c 3 to be variables, we wish to determine 
these quantities in thi> smq.hM luiiinn.T jiiwsible, so that (12) will 
be the general integral of (11). Differentiating (12), we have 



*+«4"»>»+"»«»g+« 



and thus, in order that y' may have the same value as if c, and c. 
were constants, we must have 

-■£♦*-&-• m 

Also, diffeveiitintini; the equation 

y = — fflc 1 ain nx +nc a cos nx 

again, we find 

a 2/ _i_ ■ \ "°i i < ^"» 

y -- »Vi cos tix + Cs sin nx)-n sin tw ^-i-jicosm^. 

In order that y shall satisfy (11) we must have, therefore, 
dc, , 



<fce T 



?-■*<■>! (U) 
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and from (13) and (14) we find 

— n- T ^ = Xamnx i n-j^=Xcoanx. 
dx ax 

Hence, by two quadratures, 

c x = — I Xainnxdx+a 19 c 2 =- I Xcosnxdx+Oz ; 

and the general integral of (11) is 

y = — cosnxj Xsin nxdx+ - sin nx / Xoo^Tixdx+a^Qoanx+a^^mnx. 

It will be seen that the same result may be obtained directly by 
Art. 146. 

141. It should be noticed that all equations of the 
form 

(a+bx) m y^+A 1 (a+bx) m - 1 y^ m --^+... 

+A m - 1 (a±bx)y'+A m y+X(x) = (15) 

may be transformed into linear equations with constant 
coefficients by the simple substitution 

a+ bx = e t , 

t being the new independent variable. 

If, in equation (15), the constant a happens to be 
zero, (15) is called the general homogeneous linear 
equation of the m th order. 

Example, The equation 

(a+bxfy"+A 1 (a+bx)y'+Ait/=0 9 
when we assume a+bx=e t 

becomes linear with constant coefficients. For we have 

*/ = ^ - he-& 
V-dx~ be dt' 

y ~dx* ° e \dt* dt)' 
so that the above equation becomes 

an equation of the form (2). 



■him iMfcadi 
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SECTION III. 

The General Linear Equation of the m" 1 Order in which 
the Coefficients are Functions of x. 

142. It was shown, Ait. 129, that the linear equation 
of the m th order 

^+I.-,(«tf*-' l +...+l',W!/+I«=0,...(l) 
where the X f are functions of X alone, is invariant under 
theG, 

if <f> is any function of x which satisfies the abridged 
linear equation corresponding to (1) 

y(™HX, a _ i (x)y<™-»+... + X l (x)y = Q (2) 

We shall call $(%), under these circumstances, a particular 
integral-function of (2). 

143. In order to depress the order of equation (1), we 
know, Art. 129, that we must make the substitutions 



•* A. ,hi? 



1 dh) tp' dv 4 
ip dv? s dv, 4 



bdu 



-v-\- -,-yi etc. 



V 






Now all the terms in (1) which will contain y explicitly 
when the above substitutions are made, are evidently 
included in the expression 

y{<j> m +Xn-i{u)<p f ' n ' l) +:.+X 1 (u)<},}; 
and, since is a particular integral- function of (2), the 
above expression is identically zero. That is, the equation 
of the (m — iy b order, which corresponds to the equation 
(1) in the variables u and v, is also linear. Hence, if a 
particular iiihyral-fimdion, ij,(x), of the abridged linear 
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equation (2) is known, the general linear equation (1) 
will admit of the 1 

and will be linear, of the (m — l)" 1 order, when written in 
the variables u and v by the method of Art. 129. Thus 
the eonypiUte integration of (1) may, in this case, be 
accomplished by the integration of a linear differential 
equation of the (m — 1)'* order and a quadrature. 

144. If, in particular, m = 2 in equation (1), we see that 
the general linear differential equation of the second 
order 

y"+XlxW+X,{x)y+Xlx) = (1') 

may be completely integrated by tiro quadratures, when 
a particular integral-function, <p(x), of the corves 
abridged equation 

y"-rX 2 (x)y'+X,(x)y = (2') 

is known. 

Written in the variables u and v, Art. 129, (1') becomes 



<n 

dv , v 



,tf> = 0> 



X 2 , X a , and ij) bcinff expressed as functions of u. 

The general integral of this linear equation of the 
first order is, Art. 68, 

v = e^ Xmdv (-\x a (u)^(u)e^ u) ' U .du + c i y, 

or, restoring the variables x and y, 

^■-^y = e~^ z)dI l~\x {x)^(x)e^ >dl .dx+cX 
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The general integral of this linear equation of the first 
order, that is, the general integral of (1') is, Art. 68, 

s =^){|«-l*"[-|x„(,)^ w J*"^+.,]| +f! }. 

145. The abridged linear differential equation of the 
m th order (2) admits of the G^ 

so that the order of (2) may always be depressed by 
unity by the method of Art. 128; but the resulting 
differential equation of the (m — l) th order in the vari- 
ables u and v is usually not linear. 

146. If, in particular, we assume that (2) has constant 
coefficients, and is only of the second order, of the form 

y"+Ay'+By = 0, (A, B const.) 

written in u and v, by Art. 128, it becomes 

dv 



- + i?+Av+B = Q; 



an equation of the first order which may obviously be 
integrated by a quadrature, when another quadrature 
will give the general integral of the differential equation 
of the second order. In this manner the particular 
integral-function tfix) may be found, — that iB, by ascrib- 
ing any numerical values desired to the two arbitrary 
constants in the value of y found. Also, <p(x) may be 
found by Art. 135.' 

When tj,(x) is knowD, the general linear equation of 
the second order, with constant coefficients 

y"+Ay'+By+X(x) = 0, 
m ay, by Art. 129, be written as a linear differential 
equation of the first order in «. and v. The last equation 
may be integrated by a quadrature, Art. 68; when a 
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second quadrature will give the general integral of the 
general linear equation of the second order with constant 
coefficients. 

Hence, since <p{x) may always be found, by Art. 135, by 
algebraic operations, we see that the linear differential 
equation of the second order with constant coefficients 
may always be interp-ated by two quadratures. 

For practical work, however, the method of Art. 139 
will usually be found more advantageous. 

Example. Given the differential equation 

y" + nhj=Qoanx. (3) 

It is seen that sin Ji-risa particmUr iutfUTiil-f unction of the abridged 
equation f + n^=0. 

Hence the above difltoeatial equation of the Beeoud order admits 
2§ 



and to depress the order of the equatio 
substitute in (3), 



j have, Art. 129, to 



• m Bin nxy' - 



The integral of this linear <li1l'un>Titiiil equation of the first order 
nifty, by Art. 68, be found by a quadrature in the form 
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(l)jr"-»y+l*-0. 

(5)y»-12y + 27),-0. 

(7) y"-to!.j'+( < .'+W)',.0. 

(9) y« + 2y"-8y-0. 

(li) y'+2»y+rcV=a 



(2) 3./-io/+3y..o. 

(4) y-Ty' + ^.o. 

(6) »»-4/"+6y-4y+y- 

(8) /"+/•+/-%. a 

(10) /"-3j"+4j-0. 
(IS) »"-3j , " + *"-S'-0. 



(13) y'-7/ + 12y=z. (14) y"- V + 2y-2/+y = l. 

(15) y"-2/'+y = e*. (16) jT+J^-1-M+rf 

(H) y"-!/ +?-<"■ (w)y-3y+2j.«~. 

(19) y" + 4y=j:siii'£. (20) /"-2y' + 43f = e*coBJ7. 

Integrate the following equations by the method of Art. 141 : 
(21) iy-l»'-3j.O. (22) (l+a)'y'-4(» + o)y + 0j.0. 

(23) *y-:ry + 2y=:clog*. (24) (ac-l)y"+(2*- 1)/- 2»/ = 0. 

Integrate the following equations by the method of See. III. : 
(25) (I-zV+V-y^l-**) 1 . (26) /-ay+Cr-l)^**. 
(27) x 2 y+4ay+2y=e I . (28) ay"+2y=.f. 



(29) (l-^)/-*/ -J. 



'J/'-jV+jny 



*-l. 



ntliee examples for pi-m/tiee may be found in tlie Exaiojiic- 



the ends of t'hapte 



CHAPTER XII. 



147. In the first section of this chapter we shall give 
briefly the simplest of the methods which do not involve 
transformation groups for integrating certain forms of 
simultaneous systems of ordinary differential equations. 

In the second section we shall give a genera) method 
of integration for a simultaneous system in three vari- 
ables, when the equivalent linear partial differential 
equation of the first order in three variables admits of a 
known Gj ; while in the third section we shall give 
an application of the theory developed in the second 
section to ordinary differential equations of the second 
order in two variables. 



Special Method* for Iv fey-rating Certain Forms of 
Simultaneous Systems. 



148. In Art. 23, Chap. II., we gave a method for inte- 
grating a simultaneous system of the form 
dx _ dy _ 

that is, we saw that when the first equation had been 
integrated, — by the methods of Chapter IV., — either x or 
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y might be eliminated from Z, so that a second integral 
of the simultaneous system might he found by integrating 
a second differential equation of the first order in two 
variables. It is obvious, therefore, that a simultaneous 
system of the above form may be completely integrated 
by integrating two ordinary differential equations of the 
first order in two variables. 

149. The general form of the simultaneous system in 
three variables is 



where X, Y, and Z are usually functions of all three 
variables x,y,z. 

We may write the ratios (1) 



_\ch; + fidy + yds 
~ *X+p.Y+vZ : 



where X, ft, v may be either constants or functions of the 
variables. If it is possible to choose X, 
manner that XX+ M F+„.Z= 



then also 



\dx+ftdy + ydz- 



and the integral- function of the total differential equa- 
tion (3), if it may be found by the methods of Chap. VIII., 
will obviously also be one of the integral -functions of (1) 

is the integral of (3), it is also an integral of (1). 

The second integral of (1) may then be found by inte- 
grating an ordinary differential equation in two variables 
from, say, 

dx_dy 



when z 



i been eliminated from X and Y by n 
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Example. Given the simultaneous system 



The method of the present article may be applied twice. If n 
choose \, jl, v equal to I, m,n respectively, we find 

ldx+mdy+ndi—0. 
If we choose A, ft v equal to x, y, 2 respectively, we find 
xdr +y dy + zdz —0. 
The integrals of these equations are obviously 

*>+ 3^+-^ = ^; 
and these two equations are the general integrals of the given 
system. For the ^cuiin'trii'al iiu;nniiJ^ of the integrals of a simul- 
taneous system in three variables, see Art. 19. 

150. The general simultaneous system in the (n+1) 
variables X\> ..., x„, t, has, as we know, the form 



dx-y 



dx$_ 



_ dx„ __ dt 



..(4) 



where the X it ..., X„, T, are usually functions of all the 
variables. If we choose any one of the variables, say t, 
as the independent variable, it will always be possible, 
by differentiating these equations a sufficient number of 
times, to eliminate all but one of the dependent variables 
and their differential coefficients. In fact, if no method 
for abbreviating the work suggests itself, we may always 
obtain, by differentiating each of the given equations 
(n — 1) times, exactly it 9 equations, which are just suffi- 
cient to eliminate (n — 1) variables with their 71(71—!) 
differential coefficients. The resulting differential equa- 
tion of the 7i th order in two variables must then be 
integrated ; and from its general integral, and the system 
(4), the values of the other dependent variables may be 
found, giving a system of general integrals consisting, 
Art. 20, of n equations involving n arbitrary constants. 
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Of course this method iB most appropriate for the 
integration of systems of linear equation* v/ttk constant 
<:ni'lp./:,lf,ntn, since- we then have a definite method, Art. 135, 
for the integration of the system. 

151. As an illustration of the preceding article, suppose 
that a system of two differential equations of the first 
order is given, connecting the variables x, y, and t, t being 
chosen aa the independent variable. To tind the equa- 
tion connecting x and t, we differentiate, if necessary, 
both of the given equations with respect to t; thus 
obtaining four equations txmneetiiig the quantities 
dx dy d*x d?y 
X ' V ' ~di' ~cU' dP' W 

Trw- The ; re9ultin g 

equation will, of course, be a differential equation of the 
second order in x and t. 

The general integral of this equation will give x in 
terms of t and two arbitrary constants; and by substitut- 
ing this value of x in one of the equations of the given 
system, y may be found. 

Example 1. Given the simultaneous system of linear equations, 
dx _ dy ^dt ,-. 

3x-y~x + r/~T * J 

These equations may be written 

§-»«,-«, $-*-,-o, 

and by differentiating the first we find, 



E+.+y-O! 



!■, from the first equation, 
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The general integral of this linear differential equation of the 
second order, with constant cwllicii'iits, is found by Art 136 to be 

*.= (/», + JW C6) 

Substituting this value of x in 

we find for y, j/=(B 1 -5 a +B a «)e 3 (7) 

Thus the equations (6) and (7) represent the system of general 
integrals of (fi). 

Example 2. Given the system of linear equations, 

f—Hr-l W 

in which, the independent variable t occurs explicitly. Differentiat- 
ing the first equation, we have 

By means of the equations (8) we may eliminate y and -& from the 
last equation, giving 

By the method of Art. 139 the general integral of this equation 
ia found to be 

and this value being substituted into the first of the equations (8) 
gives us at once, 

y=-(c 1 + c i + c^)e- v + ~^' + ^s'. 

152. It ia clear that the differential equation of the 
second order, 

y"-to(;x,y, y') = 0, 

may be regarded aa equivalent to a simultaneous system 
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of equations of the first order in three variables. For we 
have 

, dy „ dy' . - 



i that 



dx_dy _ dy' 



1 



«(». v. y')' 



In an analogous manner it is clear that a differential 
equation of the m tb order in two variables is equivalent 
to a simultaneous system of m differential equations of 
the first order in (m-fl) variables. 

Similarly, a simultaneous system of differential equa- 
tions of an order higher than the first may always be 
written as a simultaneous system of different i.-il equations 
of the^rsi order in the proper number of variables. 

For example, if in the simultaneous system of the 
second order 



dP' 






6?z 

' ~d$~~ 



z, 



where X, Y, Z are certain functions of x, y, z, t, — we 
designate by x', y', z" the differential coefficients, with 
respect to t, of x, y, and z respectively, — the above simul- 
taneous system may obviously be written, 

dx_ , dy_ , dz _ , 

dt~ X ' dt~ y - dt~ Z ' 



dx' 

~dl = 



x, 



Y ds'_ 
*' dt~ 



Thus the simultaneous system of equations of the second 
order in four variables may be replaced by the simul- 
taneous system of equations of the first order in seven 
variables. 

If the six general integrals of this system, involving 
six arbitrary constants, have been found, Art. 150, the 
elimination of x', y', z' between these integrals will give 
the three general integrals, involving six arbitrary con- 
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stants, of the simultaneous system of equations of the 
second order. 

153. A method of integrating a simultaneous system 
of linear equations with constant coefficients and of an 
order higher than the first, analogous to that of Art 150, 
will be sufficiently illustrated by the following example : 

Example, Given the system 

3^=7x+3y, (9) 

By differentiating the first equation twice we find 

and from this equation, by means of the equations (9), we find 

g-13g + 36*=0. " 

The general integral of this equation is, by Art. 136, 

x = fe + c^)** + (c 8 + c 4 *)e* ; 

and by substituting this value of x in the first of equations (9), 
we find 



SECTION II. 

Theory of Integration of a Simultaneous System in Three 
Variables which is Invariant wader a known V 

^ 154. It was shown in Chapter II. that the general 
simultaneous system in three variables, of the form 

dx __dy _dz 
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ia equivalent to the linear part in] differential equation of 
the first order in the same variables, 



xg+rff+jg. 

cto dy 3s 



a) 

and that two independent solutions of the latter were 
always two independent integral- functions! of the former, 
and vice versa. 

Thus we may consider the linear partial equation (1) 
as taking the place of the above simultaneous system ; 
and when we speak of the equation (1) admitting of, 
or being invariant under a given S — an expression 
which we shall immediately explain — we may also, if 
we choose, say that the simultaneous system admits of, 
or is invariant under the given G v The theory of 
integration of this section will be developed, therefore, 
for the linear partial differential equation (1), using that 
equation as the representative of the corresponding 
simultaneous system. 

155. A Gj in three variables has the general form 



6 &C 



-(2) 



'ay +i 3» 

where f, n, f are functions of the variables 
say that the linear equation 

4^4£+*!+4S-« 

— where X, ¥, Z are, of course, certain functions of 
x,y,z — is invariant under, or admits of the O l £7/ when, 
by means of the 1 Uf each solution of (1) is trans- 
formed (compare Art. 58) into a solution of (1). Thus, 
if w 1 (ic, y, z), to 2 (a>, y, s) be two independent solutions of 
(1), using tlie customary symbolic method for expressing 
the fact that the transformation Uf is performed upon 
the function oi;, the condition that (1) shall be invariant 
under Ufis 
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This condition for the invariance of (1) can, of course, 
only be applied when the solutions a> v <e 2 are known; 
but we shall in the next article develop a condition 
which is practicable when Wj and to 3 are unknown. 

156. The expression 

U(Af)-A(Uf) 
has a definite meaning : it means, for the first term, 
put Af in place of /, in Uf; and, in the second term, 
put Uf in place off, in Af. Tims it is seen 



; + '§ +f D' 



If the differentiations here indicated are carried out, 
the terms involving differential coefficients of f of the 

"3V 
second order will cancel out. For instance £X~^s w ^- 

occur in the first term with a positive sign, and in the 
fourth term with a negative sign, etc. 

Thus we find the noteworthy symbolic expression 



U(Af)-A(Uf) 










dx 




33J33; 


. f.SF 17 J7 


3# 


3j/" 




, l.dZ, dZ ,.3Z 


3a; 




dzjdz 
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But when it is remembered that 

and that similar expressions hold for (7(F), A(rj), etc., 
the above identity may be written (nutting for brevity 
VX for U(X), etc.,) 

U(Af)-A(Uf) 

.(UX-A()%HirY-A^ H aZ-AO%...W 

Now if (tij, to 2 be the (unknown) solutions of Af=0, 
we must have 

Hence also 

Further, from (3), if ^/^O admits of the Q^ (7/, 

4(tr( m )).^(n.(„„„,)).g.4(„ 1 )+g.4(„ ! ),i = l,i 

But since to,, w 2 are solution** of Af=0, this last expres- 
sion must be zero identically. Thus the whole expression 
U(Af) — A(Uf) becomes zero if &>; is put in place of/, 
and (4) becomes 

(lfX-A{)^HUy-A^+(lTH-At,^.0, 

i = l,l (5) 

Also we know that 

^ a., I»_ 

so that from (5) and (6) must follow the identities, 
UX-Aj _ UY-A r , _ UZ-A$ 

X Y ~ Z (7 ' 
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Let the value of the ratios (7) be represented by 
\{x, y, z) ; then we may write 

UX-A^\.X, UY-A n m\,Y, UZ-A^=\.Z. 
Hence from (4) 

p<4fl-^/).x(zg + rg + irg).x.4/'....<8) 

This then is the condition that a linear partial diff 
ential equation of the first order shall admit of a given 
Gj : and it is clear that the condition may at once be 
extended to » -variables (including it = 2). It is customary 
to write (8) in the brief form 

(U,A)„\.Af, (9) 

where the left-hand member of (0) is merely an abbrevia- 
tion for the left-hand member of (8). 

It is easy to see that the necessary condition (8) is 
also sufficient. For if Wi is put in place of / in (8), we 
obtain 

A(JH_m))»0 (10) 

since the other terms in (8) vanish identically. But (10) 
means that U{w,) is a solution of Af= ; that is, if (8) is 
a true equation, the solutions o>< must admit of the trans- 
formation Uf — that is, the differential equation A/=0 
itself must admit of Uf Hence, the necessary condition 
(8) is also sufficient. 

157. It is evident from (III and (8) that every expres- 
sion of the form {A, A) or (U, U) is identically zero, and 
hence the condition (3) that the equation Af=0 shall 
admit of the G, p . Af, where p is an arbitrary multiplier, 
is satisfied. But this transformation p . Af, which tells 
us nothing new concerning the equation Af^O, and 
which has therefore no value in the problem of integra- 
tion, is 3aid to be trivial with respect to Af=0. This 
accords with the definition of Art. 60 for trivial trans- 
formation in two variables. Such transformations j 
always to be disregarded in our investigations. 



INTEGRATION OF SIMULTANEOUS SYSTEMS. 201 

158. We shall now for the moment write Uf equal to 
zero, and consider the equation Uf=Q as a second linear 
partial differential equation, and we shall show that if 
the condition (9) exists, that is, if 









(V,A)<*\.Af, . 



..(9) 






then Uf=() and Af=0 may be put into forms for which 
(IT, .d) = 0, and ultimately that these equations have one 
(solution in common. 

When the condition (9) holds, and X is not zero, the two 
linear partial equations Uf=0, -4/=0 are said to form a 
complete system of two members. When, in (9), X = 0, 
the two equations are said to form a Jacobian system of 
two members. 

For the sake of symmetry we shall assume the two 
linear partial differential equations of the first order in 
the forms 

AJ=0, AJ=Q, 

and shall merely assume that they fulfil a relation of 
which (9) is a particular ease, that is, we shall assume 
that the relation 

(A„ AJ.piz, y, z)AJ+plx, y, £)AJ (11) 

exists. 

If />! = 0, the condition (11) is identical with (9). 

As far as the maintenance of the condition (11) is 
concerned, we shall see that a condition of the form (11) 
must still hold when the equations 4,/=0, -dg/=0 are 
replaced by any equations which are consequences of 
these two, as 

AJ,\.Af+\,.A,f=0,AJ,^.A 1 f+ fi ,.AJ=0, (12) 

where X;, fix are arbitrary multipliers, whose determinant, 
however, 

A = Xj// 2 - Xgtt] 
must evidently not be zero. 
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Hence 
(Aj\ J^/XMi+M* Mr 4ff J B t A 1 ) 

S A lft (i„iJ+Wi 1 ,il ! )+V,(i ! ,J 1 )+V^^ ! ) 
+(V A ll ji 1 +\ . A^AJ+iK ■ Av 2 +\ 2 . A 2 ^)AJ 
-(jJ. 1 .A i \ l +p 2 .A i \ l )A l f-(fj. l .A 1 \ + fl2 .A 2 \ 1 )AJ ! . 
Since we know that (A 17 Aj) = (A 2 , A 2 ) = ; and since 
(as ia easily verified) (A 2 , Jl[) = — (A v A.,), while the four 
last terms art; affected by coefficients which are functions 
of X, y, z, it is clear that {A ,/, A^f) is an expression which 
is linear in terms of A^ and A 2 f, that is, by means of 
(12), (Ajf, A^f) is linear in terms of .A,/ and A%f. 

Thus, as far as the relation (11) is concerned, it is 
certain that the equations A 1 f=0, A % f=0 may be re- 
placed by any equations of the form A 1 f=0, A2f=0, as 
given in (12). 

Let us therefore take the two linear partial equations 
in the forms, 

AJ-%-^,y.^0, Z,/.|-,,( w )g=0. (18) 

Here {A x f v A 2 f) must still he capable of being written 
as a linear expression in terms of A t f and A s f; but 
when the operation indicated by (A v A 2 ) is carried out, 
it will be found by (13) that the result is free of 
~- and £- : that is, in the expression 

(A\,A,),t,.AJ+t,.A,/, 
when A : f &nd A. L f are chosen in the form (13), we must 
have T t = t 3 = : or, _ 

(Aj t A t f)mO (14) 

Hence, if two linear partial dirl'uri_nti;il equations of 
the first order satisfy a condition of the form (11), they 
may always be chosen in such a manner as to f " 
the condition (14). 
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159. It now remains for us to show that if two given 
linear partial differential equations of the first order 
satisfy a condition of the form (14), they must have a 
common solution. 

If u and v be the solutions of ./l 1 /=0, it is known 
that the most general solution of j4 1 /=0 must be some 
function of u and v of the form Cl(u, v). We now wish 
to determine SI in such manner that it shall also be a 
solution of j4^/=0. We have 



~du ' 



r W 



and by means of the relation (14), putting u and v respec- 
tively for / in 

Z,(Z ! /)-Z I (2 1 /).0 (M) 

it is easy to see that, since A L (w.) = A^v) = 0, 

That is to say, A 2 (u) and A 2 (v) are solutions of A l f=0, 
and are therefore functions of U and v, say, 

Z,(u). *(»,«), Mv).^(u,v). 
Hence , 

Z,(!i(», «)) . *(», »)§+*(». »)fj- 

The condition, therefore, that Q(u, v), which is a 
solution of A-J^O, Bhall also be a solution of A 2 f=0, 
take* the form 



*<«.■ 



= 0. . 



..(15) 



Tliis is a linear partial differential equation of the 

first order in u aud v ; and it is always satisfied by the 

integral function of the corresponding system 

du _ dv 

(f>(u, v) yjr(u, v)' 
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If this integral function be W(u, v), then W is the 
common solution of ^4,/=0 and Zg/*=0, the existence 
of which was to be proved. Of course W is a function 
of x, y, z ; bo that 

W(x, y, s) = const. 

represents a family of surfaces in space. 

160. We shall now return to our original equations of 
Art. 158, 



W> 






&E ' 



v3fj.«3f. 



0, (16) 



having proved that the existence of the condition (9), 
that the equation Af=0 shall admit of the G 1 Of, means 
that the equations (16) form a complete system — that 
is, that they have one solution in common. 

If If be the common solution of (16), at any point 
x, y, z on one of the surfaces IT=const., two tangential 
directions are assigned to the point by means of Uf and 
Af\ and the direction cosines of these tangential direc- 
tions are proportional respectively to £ >j, f and X, Y, Z, 
Art. 19. 

If a, (3, y be three quantities proportional to the 
direction cosines of a line perpendicular to the above 
two tangential directions at the point x, y, z, we have 
Xa+ Y0+Zy = O, 

whence, 

«=Kf-,z, £=£f-pr, y =x,-tr. 

If now dx, dy', dz represent the differential coefficients 
of the variables x, y, z on the surface W = const, 
follows that the relation 

(Y£-vZ)dx+(Zg-£X)dq + (X v -gY)dz = 0...(n) 

must be satisfied by the coordinates of all the points on 
those surfaces. 






INTEGRATION OF SIMULTANEOUS SYSTEMS. 205 

In other words, the common integral surfaces of the 
complete system Af=0, Uf^0satW;i the total inferential 
equation (17). 

A method for integrating I'quations of the form (17) 
has been given in Art. 100, Chapter VIII. If 

W(x, y, a) = const. 

be the integral required, we know that W will be one of 
the solutions of the given invariant linear partial 
differential equation. 

161. Considering one of the solutions of the linear 
partial di torrential equation ul' the first order in three 
variables which admits of a known 6, as having been 
obtained, we shall now show that the other solution may 
be found by a mere quadrature. 

To this end let us suppose that W(x, y, z), the solution 
already found, actually contains the variable z — for, of 
course, it must contain one at least of the three vari- 
ables — and in place of x, y, z, let x, y, W be introduced 
as new variables. In these variables Af, by Art. 35, 
will have the form 

or, since by hypothesis, A { W) = 0, 

Now eliminate z from Ax and Ay, and Af will have 
the form 

Analogously, we find for the transformed Uf, 
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We see that in Af=0 no differential coefficient with 
respect to W occurs at all ; and Uf does not transform 
this variable ; hence, W plays the role of a mere constant, 
and a; and y are the only variables. 

The problem has now been reduced to the integration 
of the linear partial differential equation in two variables 
Af=0, which admits of the known 0,, in the same two 
variables, Uf. But as this partial differential equation is 
equivalent to the ordinary differential equation, Art. 16, 

ady- fidx = 0, 

which admits of Uf, the solution can be found, by the 
methods of Chapter IV"., by a mere quadrature, in the 
form 

f a (x,y,W)dy-p(x,y, W)dx 

-Ja(x,y, W).S{x,y, W)-(3(x,y, W).y(x,y, Wj 

The integration here is to be performed as if W were 
constant, and afterward the value of IT as a function c 
x, y, z is to be introduced. 

We may sum up the results of this section as 
follows: If a linear partial differential equation of the 
first order in three variables admits of a known infini- 
tesimal transformation whieh is not trivial,itsintegration 
may be accomplished by the. integration of an ordinar 
differential equation of the first order in two variable 
together with one quadrature. 

Example. The liutav partial differentia] equation of the f 
admits of the 1 



e the application of the criterion (9) gives in tliis a 
(,Vf,Af,,Af. 
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Thus Uf=Q and Af=0 form a complete system with a solution 
which is the integral of the ordinary differential equation (17). 
The latter equation will be found to reduce itself in this ease to the 

xsdx+ysdy -(x s +y*)di;=0, (21) 

when tlii- -ut.^titut.i.ms A' r' : + )/- + ij:, £ = ■•; eic, are made. 

By the method of Chapter VIII. we find at once as the integral 
of (21), 



W{ X , V ,z) = « 



and it may be readily verified that W is n 
U/=0 and Af=0, since it ia found that 

U{\V) = A(W) = 0. 
Now we shall introduce x, y, and fV as ne 
1 by means of 



const, ; 



solution of both 



variables, eliminating 



Hence, the second solution of Af=0 is 

S(*'+y I +i-'^+^')<Jj-(*'+s'-^i i +?)i 

-1« (>/?+?- F.(«-»)>. 

If, now, in place of IK, its value— in terms of x, y, s— be [ 
there results finally for the second solution, 



F=log- 



>■■'_■¥ nH;n 



-J) 



162. A theory of integration of an invariant linear 
partial differential equation in n variables — that ia, of an 
invariant simultaneous system in n variables — analogous 
to the theory of this paragraph for the invariant linear 
partial equation in three variables, might now bo developed. 
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But a discussion, both of that theory and of the method 
of integration to be employed when a linear partial equa- 
tion ia invariant under more than one known G v must be 
reserved for a later occasion. 

SECTION III. 

Second Method for Ordinary Differential Equations of 
the Second Order in Two Variables. 

163. The theory of integration of the last section 
may be readily applied to ordinary difft-ivntiid equations 
of the second order in two variables which admit of a 
known G y 

For, Art. 152, it was seen that the differential equation 
of the second order 

y"-u>(x, y, y') = (1) 

is equivalent to the simultaneous system in three variables, 
dx = dy = dy' 
I y' w(x,y,y') * ; 

which, in turn, is equivalent to the linear partial differ- 
ential equation of the first order in three variables, 

^-I+^f+»<*'«'>|=° < 3 > 

Thus, if the differential equation (1) admits of a known 
twice-extended t U"f, the partial differential equation 
(3) must admit of the once-extended O v 

that is, we must have 

(U',A),\.Af. (4) 
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Thus the condition (9) of the foregoing section is 
satisfied, and the partial differential <'<|iiatirm (3) may he 
integrated by the methods of that section. That is to 
say, Art. 1 00, if an ordinary differential equation of the 
second order in two variables, 

y"-w(x,y,y')=Q, 

admits of a known- Q lt the differential equation of the 
second order may be completely inttyrated by the inte- 
gration of an ordinary differential equation of the first 
order in two variables, and a quadrature. 

Example. Given 

xyy"-\-m/ 2 -ytf=0. 
This equation may be written 

'■-% J ih": <») 

and hence (3) haa the form 

It may be at once verified that (5) admits of the O, 

to which corresponds the once-extended O x 

ao that the condition (9), Sec, 2, is satisfied, and the equations 

Af=*0, D'f=0 (6) 

form a complete system. 

The common solution of the i't|uat,kinn ((]) mint be the integral- 
ftmction of the total equation corm-iinniiiiij; to (17), Sec. 2, 

yy , dx-(2!/-ry')di/+zydy'=0 (7) 

By Art. 99, or Art. 100, the integral -function of (7) ia found to be 

mfottyW-aw 1 <8) 
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Now introduce p, w and IF— the 
(6)— as new variables j thus, 



solution of the equations 






►<*|. 



Eliminating V from .l/'bv means of (8), wo find 
ay or 






Now -i/=0, a linear partial equation in the variables x and y, 
admits of Uf in the same variables : hence the second solution of 
A/=0 is found by a quadrature in the form 



Thus, eliminating y' between 

IF=jr'_ajy' = Ci and 



or as it may be written 

«w*+«y a = I, (m, n cousts.) 

which is the form of the complete integral of (5). 

Thus we see that (5) represents the </-■- ionic sections whose axes 
coincide with the axes of coordinates ; anil it is clear, geometrically, 
that this family of to 3 curves is invariant under the (?[ of atfine 
trans formations 

164. The simultaneous systems given in the following 
Examples are simple ; and, for the most part, they may 
be integrated by the methods of both Sec. I. and Sec. II. 
Examples (1) to (4) are, however, intended to illustrate 
Arts. 148, 14.9; Examples (5) to (14), Arts. 150-153; 
while the remaining Examples are intended to be treated 
by the method of Sec. II., after it has been verified in 
each case, Art. 156, that the given simultaneous system 
is invariant under the accompanying G v Examples illus- 
trating Sec. III. may be found at the end of Chapter IX. 
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EXAMPLES. 



m cfe dy dz 

^ ' x 2 — y 2 — z 2 ~ 2xy~ 2xz' 



(2) 



(3) 



(4) 



Idx _ mdy _ ndz 
mn(y — z)~ nl(z — x) lm(x—y)' 

Idx _ mdy _ ndz 
(m - n)yz ~~(n-l)zx~~(l — m)xy 

dx _ dy _ dz 

#(y-*)~~y(*-#)~~*(*-y)' 



(5\ dx ^ dy = dz 
K ' -1 3y + 4z 2y+5z 



(6) 
(7) 



dx _ dy dz 

z+2y-2x~z 2 -x-6y~ z ' 

dx _ dy dt 

16x+y~~4(Zy-x)~~^4' 



(8)%+5x+y=*;$+3y-x=e*. 



dt^"~^*- 9 ' dt 






< io > 4 S +9 S +2 * +3i ^ e '' 3 S +7 S + * +2 ^= 3 - 
<"> 4 S+ 9 S +44 ^ +4 ^ =< ' 3 S +7 f +34 * +3 ^= e '- 

(13) g-3^-4y+3=0, g+*-8y+5=0. 

(15) *»»_*_, *_j Uf^+K 

' x-y-z+2 2(y-x+z) x-y-z* J ox oz 
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(17) _*L,J%_ 






-y j«-* l 



(*+y+2s) ' 






S-2* 33 + I/J + 23:- 

(21) Verify that the linear partial tlifFot'cntial equatio 

ing to tin- simultaneous system, 

dx dy t 



"i# + *>i# + c,a + d s a^e + b 2 y + cji + d 2 a^ + b 3 y + c& + d 3 ' 
admits of a O^ of the form, 



where a, [5, y are certain constants, anil that therefore the 
above simultaneous system may usually be integrated by the 
method of See. II. 

(-22) The method of See. II. fails for tin: preceding example only in 
the case of Of being trivial. For what values of the con- 
stants Hi,«„ ...,d 2 is Of trivial? What are then the integrals 
of the simultaneous system 1 

(23) Verify that the linear partial differential equation correspond- 
ing to the simultaneous .system, 



admits of the 0, 



if X, T, Z are huuivieiiviin.'. functions of j;, y, z ; alid that 
therefore, when Uf is not trivial, the integration of the above 
system may be reduced by the method of Sec. II. 



EXAMPLES. 213 

(24) Verify that the linear partial differential equations correspond- 

ing to the simultaneous systems in Ex. (16) and (18) admit, 
respectively, of the G^s, 

(25) Verify that the linear partial differential equation, 
admits of the lf 



answers: 



CHAPTER I. 



en y>- 1+ y 2 

(5) (l+^)y+y=tan- 1 a?. 

(9) ^y / -2^ / + 2y=0. 
(11) «y'+(y-ay7=0. 

(i3)y"=7y-%. 

(15)y 2 (l+/ 2 )=r 2 . 

(17) i+y*-(y-*y)»=o. 

(19) xh/'-xtf+y^O. 



(2) y^+Vl+7 2 . 

(4)yy 2 +2^y=^. 

(6) xy'+y=y 2 logx. 

(8) #y 2 =ny 2 . 

(10) y / +m 2 y=0. 

(12) xy f -xy f =sy. 
(i4)y // -2y+y=^. 

(16)ry /2 =(l+y ; 2)3 

(is) xyy"+xy , *-yy , =o. 



(1) m2%+cy+ 2=0. 

(3) log — a - =c. 

w & y xy 

(5) cosy =c cos x. 



CHAPTER II. 



(2)(l+*)(l+y)=ft 

(4) 3(^-y 2 )+2(^-y 3 )=c. 



(6)log[(yWl+yVl+.y 2 ] 
(7) sin 2 o?+sin 2 y=c. 



x 



■fc. 



Vl+a? 2 

(8)y=c^; ys=c 2 - 

(9) x 2 +y 2 = Cl 2 ; tan- 1 ^ - log * = c 2 . 



a? 



(10) *»+y-fli«S t 

both aides, - 

(11) *»-J*=.01J Jf 



- tan~ 1 2=const., 



215 

r taking the tangent of 



-z* = Ci . (12) * = c, 

CHAPTER III 



N.B. — Only such invar-iiiiit points and lines as are within a finite 
distance from the origin will lie taken into consideration. 

(1) No invariant point. An Invariant ia Q (,»/). 

(2) An Invariant is il(x). 



(3) All points o 

(4) The origin is 

(5) The origin if 



(8) All points o 

(9) All points o: 



l the y-axis invariant. An Invariant is I2(y). 
n invariant point. An Invariant ia Q(-V 
a invariant point. An Invariant is 12 1 " (. 

(6) The origin is an invariant point. An Invariant is £l(xy)- 

(7) The origin is an invariant point. An Invariant is ii^+.y'). 
i ih'- y-asis are invariant. An Invariant is !l(e V 

i the #-axis are invariant. An Invariant is fi(-J- 

CHAPTER IV. 

(S)*»-^-B.y, 

(4) co9(mx+n V )+am(iu.-+m S )=c 
(6) e-{^+f)=c. 

ft 



(1) ^-ftrV-6^ s +^ = c. 

(3) x+ye~' = c. 

(5) ■Jl + z 2 +y i + t&n- 1 - = c. 

(9) irW+Sgr. 
(11) wmm^i. 
(13) nn->|»log*+«. 

(15) .i^ + i/ 3 = &ey. 



(10) log(.r*+ ?/ I )=2tair , - + c. 
(12) < 1/ + *)*(y + 2zy = c. 

04) .y.^t.. 

(16) J*-«*y+« 




216 ORDINARY DIFFERENTIAL EQUATIONS. 



<17)(y-*+l)"(j+a:-l)>-«. 


< 18 )^ + U,,-.|_„ 


(19) *y.t(*+2y). 


(20) ,-«. 


(21) y=af. 


(22) *y-i-log<y. 


(23) xy-i 


(24) jy+logain(jy)=log- 


(2S)s,-<*- +r ^-l. 


(26) jr-jjiyMl^. 


(27) x=ttLn- 1 y-l+c.e-* a -'». 




(ffl) p-»+l+M-. 


(29)l-„Vl=?-l. 


(30)l.logi+l+cr. 





(31) Admits of C^=2x^+y^. An* 1 



(34)y={Wr^_ ol -i. 

(35) y={«i^+^+§}-* (36) y=icj;+logx+l}-K 

(37) ,_*!5£±«« (38) V=2«n^+4 C 0B 3 :+«-«-, 

(39) Admits of CT/ S £ %+!/¥. Ana |-|^«-ft 

(40)y- o .* (4i) y=c.e*. 

(42) y'—kw+c (parabola). (43) p=c.(l-cos0). 

(44) y» = (t.#" +l +c. (45) # s +y* = 2cr. 

(46) y"=a* (47) (*-yy-2cy=0(parabola). 

(48) *■+*"-«<*-„)" (a conic). (49) *=j{(j)"- (f)*}- 

(50) e.j"-(m-l)*+)tf. (51) ^M=F\i/). 
(52) jg<-j-JM> '' 

CHAPTER V. 

(1) a?+f=c*. (2) 2a s +y»=< ! *. 

(3) y=ac. (4) The system is self -orthogonal. 



(5) ^+y i = : 2aHogx + c. 

(6) The differential equation is homogeneous; hence the 

gonal trajectories are, 



(I-'X'+f+Vi) 



(7) J"-,.**. 

(8) Isothermal, ^ ! +y s + <>y + l = 0. 

(9) The system is self-orthogonal. 



(10) »-/^j+»»« t 
(13) ?.d»'8+e. 



(ll)y=-2*Wc. 

Jp l <t-<J>) 

f + const. 



CHAPTEB VI. 
(1) (y-2.s+c)(y-3#+e)=0. (2) y-fl.rf", Jf-e.*—. 

(3) (^+c)(^+ e )=0. (4) <*»-%+oHC*+y-lK + «}=a 

(5) {y + c)(y + ^ + c)(^ + ^ + l) = '>. 

(6) y i »m'x + 2cy + <? = 0. 

0) Admit- rfiy^i+^jg+y^ 

General integral, c a +2c{l+^+y) +(H-#-y) s =0. 
Singular solution, y = 0. 

(8) i/ = 2«;+e 2 . Singular solution, ,r 2 +y a =0. 

(9) # s + c(.s-3y) + c 3 = 0. Singular solution, (j; + 3y)(a:-y) = 0. 

(10) 37 s +y i -4ca; + 3i> ! =0. Singular solution, **-8y*»Q. 

(11) y=- + c a . Singular solution, 1 + 4^^ = 0. 

Admits of ^=^-2^. 

(12) 2y = ep a + -. Sin^ukr Htikitioit. »/' = «**. 

(13) .i.-±-.'a' i +46y = «[()sj('(±N / fi" + 46//) + e. Singular solution, y = u. 
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(14) Admits of Uf=x^+2y^ 

General integral, 

v 9 *' ±W^+y+a?(VT7 + l) 

Singular solution, #* + x*y — 4y 2 = 0. 

(15) {y^Z^-^iog^t^^J^^H^logc^) 2 . 

Singular solution, x=0. 

(16) 4(#+c) 3 +(#+c) 2 -18y(#+c)-27y 2 -4y=0. 

Singular solution, y=0. 

(17) y 2 = 2cx + c 2 . Singular solution, x 2 +y 2 = 0. 

(18) #+l = ±V2y+c+log(±\% + c-l). 

(19) e 5 * + 2oi?e ,f + c 2 = 0. Singular solu tion, x = ± 1 . 

(20) c{wa7 2 +2y 2 ±W7iV+4wy 2 } n =={(2m-7i)a;±V7i 2 jc 2 +4my 2 } 2m . 

(21) (# 2 -y 2 +c)(ar 2 -y 2 +c#*)=0. 

(22) (y-x-c)(x*+y 2 -c)=0. 

(23) .^ = c(y — c). Singular solution, y = ± 2#. 

(24) Admits of £y = #^ + 4yJ-. General integral, y = <?(x - c) 2 . 

Singular solution, #*-16y=0. 

(25) (y + c) 2 =x(x - a)(# - 6). Singular solution, x(x -a)(x-b)= 0. 

(26) c 2 + 2cx(3a 2 y 2 - 8a 2 ) - Zx 2 afy + a^ = 0. No singular solution. 

(27) Admits of Uf=x^-+4y^-. Singular solution, y=— j-. 

CHAPTER VII. 

(1) The answer is given by (11) in connection with (12), Art. 91, 

since A.=l. 

(2) The answer is given by (11) in connection with (13), since A. =2. 

(3) Use (14) and (16). General integral is : 



3y#*+3a7 f +y 



3yx*+Sx*+y 
(4) and (5). See Art. 92. 
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(6) y=cx-\ — . Singular solution, y 2 = mx. 

c 

(7) y=cx+Jb 2 +a 2 c 2 . Singular solution, — +^=i. 

(8) y=cx+c-c?. Singular solution, 27y 2 =4(l+#) 3 . 

(9) (y - ex) 2 = 1 + c 2 . Singular solution, #* +y 2 = 1. 

(10) y = c(# - 1) - c 2 . Singular solution, 4y=(x- 1) 2 . 

(11) (y-c#) 2 +4c=0. Singular solution, a?y=l. 

(12) (y - c#)(oc - 6) = afc. Singular solution, ( - J if?) = 1. 

(13) x*+y*=cft. A parabola. 

(14) #*+y*=a*. 

a 2 

(15) xy = -£. Equilateral hyperbola. 

(16) x 2 — 4a(a - y). A parabola. 

CHAPTER VIII. 

(1) yz+zx+xy=c. (2) ^±^- 2 =c. 
(3) ^-|-2y 2 -6^-2^^+2 2 =c. 

(4)-+- + ^=*,. (5)^=_£_+c. 

(6) y(#+*)=<Ky+4 (7) e*%r+y+* 2 )=c. 

CHAPTER IX. 



(1) y 2 =o; 2 +c 1 ^+c 2 . (2) c l 2 -2c l xy+y 2 -c 2 (l -^)=0. 

6 



#3 

(3) y=(x- 2)e x +c 1 #+c 2 . (4) y=^ -ainx+^+c^. 



(5) ay = V^cw? — x 2 + c^ + c 2 . 

(6) ¥or tf^+ahj, aa?=log(y+\/y 2 +c 1 )+c 2 ; 

for y = - a 2 ^, a# = sin" 1 ^ + c 2 . 

(7) ( V +c 2 ) 2 +a= Cl y 2 . (8) 3a;=2a i (/-2e 1 )(/ + c 1 ) i +c 2 . 
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(9) -* =(?!«« +c 1 -V« + e 2 . (10) c 2 e |r =cos(ii7+c 1 ). 

11) y=logsin(#-c,)+c 2 . (12) (^+c 1 ) 2 +(y+c 2 ) 2 =a 2 . 

13) ^Cjlog^+Cj,. ( 14 ) y=^+#/( c i)+ c 2- 

15) y=c 1 ^+(c 1 2 +l)log(^-Ci)+c 2 . 

16) y = # + c^ain -1 ^ +Wl-a? 2 }+ Cg. 

17) ^ = (^+T^ +c i lo g^ +c 2- 

18) y= Cl VSr^ + ^+c 2 . (19) &±2U **(■**. 

20) kgy-1 +— l —. (21) y-J+e,*. 



a 



2 



22) y = - log(c 2 - c t log #). (23) # = c^ + 

24) ^+^=1. (25) ^+^=c t e *. 

26) ^+2^+^+2^=0. (Admits of Uf= _y|£+tf JO 

27) c 1 ^-log^=4c 1 (^+c 2 ). (28) cy- C -£(x+c 2 Y=l. 

29) (y-c 2 )2+(^+ac 1 ) 2 =a 2 . 

30) (a) y 2 +# 2 =2c 1 #+c 2 ; 
(6) 4? = c 2 + c t log {y + \(y 2 - c x 2 } (a catenary). 

31 ) (a) x+c 2 = c x vers -1 ^ - \Z2c x y -y 2 (a cycloid). 

(6) (# + c 2 ) 2 = 2c t y - c x 2 (a parabola). 

32) It is geometrically evident that the family of curves admit of 
the translations Uf= J-. 

°y 

33) It is geometrically evident that the family of curves admits of 

the group of similitudinous transformations 

CHAPTER X. 

X 

CO y=c 1 + c 2 ^+c 3 a? 2 +^ 2 log^. (2) ,y=c 1 e"+c 2 ^+c 3 . 
(3) y = c t + c^ + Cgtf 2 + c^ - (a? + of log *fx+a. 
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(4) y = c t + C& + Cgff 2 + Cjpt? +x cos# -4 sin x. 

(5) y^c^logx-tyx+crft+c-p+Ci. 

(6) y = Cj -f Cgtf-f c^ 2 + c^r 3 + e~ x cos x. 

(7) y=c 1 +c 2 ^+c 3 ic 2 + + c„^ n ~ 1 + (^-w)e x . 

7 COS «J7 COS J? 

(8) y=c l +c&+c&?+— q 27-. 

X 3 

(9) y^^-sintf+c^+c^r-f <?3. (10) See Art. 132. 

(11) ^=i^(^+ c i 2 « 2 )*+V + c s. 

(12) 2y\/^=(#+c 3 )V(#+C3) 2 +c 1 2 +c^ 

(13) y=c 1 log^+c 2 a7 2 +c 3 a7+c 4 . 

(14) 12^ = (^ + C3) 3 + C 1 (^ + C 3 )-6(^ + C3)l0g(^ + C3) + C 2 . 

CHAPTER XI. 

x 

(1) y^e** +<&-"*. (2) y^c^+ctf*. 

(3) # = c,* 2 * + c^r 2 * + c 3 . (4) y = c^ + c^- 3 * + c 3 e*. 

(5) y=c 1 e 8x +c 2 e- ax +c 3 e xV3 "+c 4 e- !rV5 ; 

(6) y=e v (c 1 + c 2 x+c s x 2 +c i x 3 ). 

(7) y = **»**{<., sin (a 2 - b 2 )x + c 2 cos (a 2 - 6 2 )#}. 

(8) ye* = Cj . e 2 * + c 2 sin W2 + c 3 cos W§. 

(9) y = c x . e* V2 + c 2 e"" zA ^ r + c 3 sin 2# + c 4 cos 2#. 

(10) y=c l e- x +(c 2 +c^)e 2x . 

(11) y = (C x + CyX) COS 7M? + (c S +C 4 #) COS 2x. 

(12) ^=(0!+^+^)^+^. (13) y= Cl &+c 2 e*+ 1 ^^. 

(14) y=c 1 sin#+c 2 cos#+(c 3 +c 4 .a?)e*-f 1. 

(15) y = (c 1 + c 2 ^+2-Je*+c 3 . 

(16) y =(?! sin 710? + ^ cos nx H 2 5. 
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(17)y=(c 1 +Cj r o?+|-Je*. 

(IB) v-c e°+c e*+ -***- - .^"ilf" 

(19) y=^ Cl -_jsin2j?+(c 2 -^Jcos2^+|. 

(20)^=c 1 e- 2x +(c 2 -^j6 x coa^ + (c 3 +^Je*sin^. 

(21) y= Cl x*+% 

(22) y= Cl (x+a^+c 2 (x+a^+^^. 

(23) y=x(c 1 sin log # -f ^ cos log x + log #). 

(24)y=(2a?-l){c 1 +c 2 (2^-l)~+c 3 (2j?-l)"~}. 

(25) A particular integral-function is x. 

General integral : 

(26) A particular integral-function is e*. 

General integral : 

y=&\\e a (j# e 2 cfce+cjcfo+^j. 

(27) A particular integral-function is -. 

x 

General integral : y—— + 2 ■• 

(28) A particular integral-function is -. 

General integral : y = c t + c^log x + -r . 

(29) A particular integral-function is e sln ~ lx . 

General integral : y=c 1 e 8in " lar +C2e ooe " ,x . 

(30) A particular integral-function is e*. 

General integral : y = c x e* + c^x - (x 2 + x + 1 ). 



ANSWERS. 223 

CHAPTER XII. 

0)y= c i z 'y x 2 +y 2 +z 2 =c 2 -z. 

(2) l 2 x+m 2 y+n 2 z=c 1 ; PaP+my+nh 2 ^^ 

(3) lx 2 +my 2 +nz 2 =c l ; IW + my+nW^c* 
(4)07+^+2=^; xyz^c^ 

(5) y=-2c l e- x +w 7x ; «=c 1 e- x +c 2 e- 7 *. 

32 2 2 2z 2 

(6) ^ = ^- 4 + 2c^-3 + _ + -- ; y= _ Cl ^4_ C20 -3__ + _. 

(7) 2#= (2c 2 -Ci-c 2 0* 2 ; y=(ci+C2*) e 2 - 

(8) « as (c l+ ^)a-*-- g +_; y = -(^+02+^)^+ 36+25- 

(9) ^2^-c^+g+g; y= v ^ +v ^^£+ *. 

(10) ^=(c 1 sin<+c 2 cos«)e- 4t + 2g--j=; 

2e* 6 
y={(c2-c 1 )sin<-(c 2 + c 1 )cosOe" 4t -Y3 + ^7 , 

(11) x^e-t+ctf-* — 7~ + "3 — ~Q ; 
y=- Cl e-«+4c2e *+- 7 - 3-+9~- 

(12) x=c 1 Bmnt+c 2 cosnt; y=c z +Cit-x. 

(13) x=te 1 e*+4e 2 e-*+c 3 *S f +Cte- t ^+}, 

(14) y^^+c^y+Scae 2 -- ; s=2(3c 2 -c 1 -C2*K-*3*~ 2 "-i. 

(15) y+2z=c x ; 2x+y-2\og(x-y-z+l)=c 2 . 

(16) e xy +6 l '=c 1 ; ^+y-log^=c 2 . 

(17) #-#=(?! ; ^+^+^=c 2 . (18) y+^=C! ; #+^=<?2. 

(19) 47=c 1 2r 2 +g; ^=c 2 e , -c 1 2- 2 -g. 
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(20) ^-y=Cx; 

6 r^r ) +(TSfe) ,fc «« 1 -* + ^- i >-* + ^— ^ 

(22) The O l is trivial for 

7 Cvj d>2 Cu9 

with the rest of the constants zero. The integrals in this case are 

— — a = const, ^-r-*-— const. 



